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For 2-dimensional conformally invariant quantum field theories (CFTs) the spacetimes
can be
¢ oriented with Euclidean conformal structure (equivalent to a complex structure),

¢ chiral CFT on a complex curve
* constructed via vertex algebras
* correlation functions can be multivalued with monodromies about singular points
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Motivation: An oversimplified view of quantum field theory (QFT)

For 2-dimensional conformally invariant quantum field theories (CFTs) the spacetimes
can be
¢ oriented with Euclidean conformal structure (equivalent to a complex structure),
e chiral CFT on a complex curve
* constructed via vertex algebras
* correlation functions can be multivalued with monodromies about singular points
¢ conformal real 2-manifolds
e full local CFT
¢ correlation functions are real analytic and single valued

Full local CFTs can be built by glueing together two chiral ones (holomorphic +
antiholomorphic = real analytic).
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Motivation: The gist of vertex algebras

A vertex algebra V is an algebra of “currents”
J(z) = > Juz™"",  Jy € End(M).

nez
The variable z is to be understood as a coordinate on the Riemann sphere P.

= w,J(2)v)
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Motivation: The gist of vertex algebras
A vertex algebra V is an algebra of “currents”
J(z) = > Juz™"",  Jy € End(M).

nez
The variable z is to be understood as a coordinate on the Riemann sphere P.

This constructs correlation functions on the
Riemann sphere.

But a CFT should be well defined on any
Riemann surface!

= w,J(2)v)

JeV,ve M, we M*, M e V-Mod.

(Simon Wood) Glasgow 2026 4/20



From 3 points on P to 1 point on the torus, T

Cut out and glue an annulus in P:

M

= Trp g 2%J(z) = x

Here, ¢ = exp(27iT) and M € V-Mod.
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From 3 points on P to 1 point on the torus, T

Cut out and glue an annulus in P:

M

= Trp g 2%J(z) = x

Here, ¢ = exp(27iT) and M € V-Mod.
For J = 1 (vacuum), we get the character (graded dimensions) of M.
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Complex structures on the torus

Many different ¢ = exp(2rir) give tori with equivalent complex structures.
The symmetry groups (mapping class groups) are

1

T

empty torus: PSL(2,Z) = (S* = (ST)?,S2= 1), T(1) =7+ 1, S(7) =

punctured torus: B; = (S? = (ST)?)
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Complex structures on the torus

Many different ¢ = exp(27it) give tori with equivalent complex structures.
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empty torus: PSL(2,7Z) = (S* = (ST)3,82 = 1)
modular group: SL(2,Z) = (S? = (ST)?,S* = 1)
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Complex structures on the torus

Many different ¢ = exp(27it) give tori with equivalent complex structures.
The symmetry groups (mapping class groups) are

empty torus: PSL(2,7Z) = (S* = (ST)?,8? = 1)

modular group: SL(2,7Z) = (S? = (ST)3,S* = 1)

punctured torus: B; = (S? = (ST)?)
* Confusingly, both PSL(2,7Z) and SL(2,Z) are called the modular group.
* Bj is the universal cover of SL(2,7Z) and PSL(2,7Z).
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but not the specific representative ¢ (trivial modular action). This is only true for bulk
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Complex structures on the torus

Many different ¢ = exp(27it) give tori with equivalent complex structures.
The symmetry groups (mapping class groups) are

empty torus: PSL(2,Z) = (S* = (ST)?,8* = 1)
modular group: SL(2,7Z) = (S? = (ST)3,S* = 1)
punctured torus: B; = (S? = (ST)?)

Confusingly, both PSL(2,7Z) and SL(2,Z) are called the modular group.
Bs is the universal cover of SL(2,7Z) and PSL(2,Z).

One might naively expect 1-point functions to only depend on the complex structure
but not the specific representative ¢ (trivial modular action). This is only true for bulk
CFT.

For chiral CFT there is a non-trivial action of B3 on the vector space of torus 1-point
functions.

Bs actions in CFT are projective actions for SL(2,7Z) and can be “deprojectified” by
suitable cocycles.
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Complex structures on the torus

Many different ¢ = exp(2rit) give tori with equivalent complex structures.
The symmetry groups (mapping class groups) are

empty torus: PSL(2,7Z) = (S* = (ST)?,8* = 1)
modular group: SL(2,Z) = (S? = (ST)?,S* = 1)
punctured torus: B; = (S? = (ST)?)

C'(V) = span{x3 : M e V-Mod} © SL(2,7Z),Bs;
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1-point functions should allow insertions from any module!
Again cut out and glue an annulus in P, but with the insertion in a module N:

M M

Here, ) is an intertwining operator (a V-bilinear map).
This can only be non-zero if A" acts on M, i.e. if N x M — M.
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1-point functions should allow insertions from any module!
Again cut out and glue an annulus in P, but with the insertion in a module N:

M M

Here, ) is an intertwining operator (a V-bilinear map).
This can only be non-zero if A" acts on M, i.e. if N x M — M.
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1-point functions should allow insertions from any module!
Again cut out and glue an annulus in P, but with the insertion in a module N:

M M

Here, ) is an intertwining operator (a V-bilinear map).
This can only be non-zero if A" acts on M, i.e. if N x M — M.

C'(N) = span{x%, : M e V-Mod,Y : N KM - M} © SL(2,Z),B;

Challenge: Can we determine C!'(\)?
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Understanding C!(N') from (modular) tensor categories

Theorem
Explicit formulae for the B; generators from categorical data.
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Understanding C!(N') from analytic number theory

Pick a basis {f1,...,f;} of

Ch(N) = span{x1'(q) : xX(q) € C'(N)}
then ¥nr = (f1,...,f7)" is a vector valued modular form (vvmf) whose weight is the
conformal weight of x:
e f;: H — C holomorphic with potential pole at icc.

e Forvy = <ccl Z) e SL(2,7)

fily = v~ (er + )y ( b ) ,

cT +d
where v is a multiplier system (converts B; actions into SL(2, Z) actions).
* Ynly = p(7)vn, where p: SL(2,Z) — GL(¢, C) is a representation.
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Understanding C!(N') from analytic number theory

Pick a basis {f1,...,f;} of

Ch(N) = span{x1'(q) : xX(q) € C'(N)}
then ¥nr = (f1,...,f7)" is a vector valued modular form (vvmf) whose weight is the
conformal weight of x:
e f;: H — C holomorphic with potential pole at icc.

e Forvy = <ccl Z) e SL(2,7)

fily = v~ (er + )y ( b ) ,

cT +d
where v is a multiplier system (converts B; actions into SL(2, Z) actions).
* Ynly = p(7)¢¥n, where p : SL(2,7Z) — GL(¢,C) is a representation.
For N # V, usually wt n ¢ Z, which is highly non-standard.
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Vector valued modular forms are well studied in analytic number
theory

Common questions:
* Is im(p) finite? Congruence?

e Let M(p, k) = span{all vvmfs with rep p, weight k}. Is M(p, k) finitely generated as a
module over the rings of differential modular forms R or modular functions M?

* In the context here: How big is C!(N) in M(p, wt n)?
* In the context here: Is there information loss when going C'(N) — C}(N)?
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Example: sl(2) at level k € Ny

* Generating currents: e, h, f with [k, e] = 2e, [h,f] = =2f, [e,f] = h
Operator product relation: x(z)y(w) ~ A& 4 [ ](W) + reg

w M=\
Normal ordering relation: : e(z)**! := (()Z )
* Modules: simple highest weight s[(2)-modules
L(k,)\),0 < A<k
¢ Fusion rules: truncation of Clebsch-Gordan

1 N+p+ve2Z, X—pl <v<min{\ + p,2k — \ —
dim()\ uw— y) = oo | M| 14 mln{ I H}

0 otherwise
* only even \ can “act” and only on 4 satisfying 3 < p <k — 3
k=5
* For Aeven: dimC'(\) = > dim(ARp — p) =k— A +1
A
p=3
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Specialising from C!(\) to CL()\),u € L(k, \)

Question:
Can we find u € L(k, \) such that

Try ) [qLO_ﬁuo] = x.(q) # 07
Here, u is the zero mode of the current u(z) = >, ., usz " .

e If the s[(2) weight of u is not 0, then x/;(¢) = 0.

A
* First “sensible” candidate u = f;* |\). However,

(f(?w)o - | (féw)o}

and traces of commutators vanish because traces are cyclic.
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Non-zero torus 1-point functions

Lemma
If u e L(k, \) generates a simple non-trivial finite s[(2) module, then x'(¢) = 0.

Theorem

© The trivial finite s[(2) module appears for the first time in L(k, \) at degree 3. The
multiplicity at this degree is 1.

A
® The vector spanning this trivial module has the form u = f*,|\) + corrections.
O x(q) #0

O The set {x"(q) : 5 < p <k— %} islinearly independent.
O Vi(,9) = (x4(9):- -, x;_(9)" is avvmf.

® dimC!(\) = dimC'(\) = k — X + 1, so no information loss from specialising to u.
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dimC!(\) = 1, thus \ = k, k even

Let p) be the representation of SL(2,Z) obtained from L(k, \) and
V(pa) = span{¥,(w,q) : we Lk, \)}.

Theorem
© The representation py is irreducible, finite image and congruence.
® 1(S) = &5, p(T) = e*™. Trivial if k € 247Z.
© Ui(u.q) =1n*
0 V(p) = Ry*
O All vwmfs in V(pi) are holomorphic (no poles at ico).

O As an M module, V(py) is free and rank 1 with basis {n%} for k > 2.
@ Graded dimensions of V(p;) known with an explicit formula.
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dimC!(\) = 2, thus A = k — 1, k odd

Let <J;42F1 (5L 2
(P: 5

Theorem
© The representation p,_; is irreducible, finite image and congruence.
p
@ pi 1(T) = diag (25, €25

3k2 4+2k—5

O Vi (u,q) =n * D @
O V(pi—1) = RY—1(u, q).
O All vmfs in V(p_1) are holomorphic for k > 3.

® As an M module, V(px_) is free and rank 2 with basis {¥;_(«,q), dVi_1(u,q)} for
k= 2.

@ Graded dimensions of V(p,—1) known with an explicit formula.
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| Level k || Cyclic generator W;_;(u, q)

3/40 1 117 2 84 3 3659 4
3 P (14 50— 56 — 554 + S5q" + )
39 126 4

13/40 9 2 2 3
g (1 - 3q - 56° — 554’ — g5a* + )

P EROM O (o TRl O T
VISRV el e Bl Mty
T ES O CRl Tk i R,
U Ul o ks Ml . Mesdidd
0 || % VT B T T e 4 )
1 / (l — El - %1 — 353636 — 9959957 hi )
11 qzz/lgj (1 - g * @322_ 23189:;702?73 3_ 12294424 ::_ o
CAMAON e a5 el L A T M)
B3 e T T R e Gl
q (-%q+57¢ - "0 + "5sa" + )
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dimC'(\) = 3, thus A = k — 2, k even
Let TG F (— ey, HEHL, L0, et )
O = J7%3F2 (6(kk—i-_~—12)’ 6%?13)’ 65(11213); 4?]1213)’ %?J_]>
TR P, (R, Sls W3 Stell 1)

Theorem
© o is irreducible and finite image.
® Order of p;_»(T) = 12(k + 2) if k € 4 + 6Z or 4(k + 2) otherwise. p;_, is
non-congruence if o(pr_(T)) 125,401,600 = 28 . 3. 52 . 72,
2
O Vi o(uq) = 7731(2(;*2',{2)_8 O, and V(pr—2) = RV _2(u, q).
@ All vwmfs in V(px_») are holomorphic for k > 4.
©® As an M module, V(pr_») is free and rank 3 with basis
{Uia(u, 9), 0V (u, q), *Wr_a(u, q)} for k > 4.
0O Graded dimensions of V(p;_») known with an explicit formula.
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‘ Level k H \I/k_g(u,q) ‘

Pz = 6991 1462930981 7 11520966474250 3 167661528323716250 4 Fo)
1 /4 13 16750955 24672291010 032 2054193740460050 4429 1
4 1+ ‘1+ 1 4 T q + 11986947 +
13 24 473 2 270563 1533931
24 (1= g + q” — e D
5/32 (- T04T . 28822341 0 34699584029 3 ZIT0ZSATSIITIT 4 )
7 7420 31794%043 q8423595 21692516271 4 0160 1
6 7’1+ 5+ q* + q3+Tq 4o
it (1 q n 423 qz n 1741264g 3 485683 q4 ]
T1/40 (1 46803 - 14944931541 T TIOR3 782261040133 T49048T8T 4 )
q1/2 1704 10848%%38 5 5004872660088 3° | 58932130055 3604 001 1
8 g (1+ 4 ‘1+ q- + + ==55390625 o0 )
31/40 503 44149 2 206842 3 420276376 4
7" (1 759+ q 78125 757812 +-
19748 (1 — 27 — 14421863479 o TR T 6R0ISTIRTT0AG666266T A . )
q5/8 07°%® . "2063158°% " 7° 64959500367 6630299%16615806491181 SQBITTATSE 1
10 q /(1+ 99+ T3 4 + @+ 2 g )
43/48 259 8110 2 25114073 _ 25036652 4
q (1 5749+ 534 6561 4 531441 +-- )
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dimC!(\) > 4

Theorem

Let the level be k = p’' — 2, where p > 3 is prime and 7 is a positive integer. For2 < A <k
with X\ even, if the representation p, is irreducible, then it is non-congruence if t = 1 or if
t>land A+ 1> p'—?

Proposition (using the categorical formulae)

Choose p =7, = 1 above and hence k = 5. Then for A = 2, the representation p; is
4-dimensional, irreducible and non-congruence.

Theorem

Let A =k — 3, kodd.If H(pr—3,v _,.4.) (the space of holomorphic vvmfs) is a cyclic
2(k+2)

R-module, then . 243
V (pA) = V(ﬂ)\) - 772 THTH Pk—35V _i2 1446 |-

2(k+2)
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Outlook

Analytic number theory tools very helpful up to dimension 3. Some results might
generalise up to dimension 5. Bad behaviour expected in higher dimensions.

Need to find better ways to combine number theory and category theory tools.
Category theory data well known for s[(2) but higher ranks look hard.

So far everything has been rational (semisimple and finite). Would be nice to go to
finite non-semisimple, but many new tools would be needed.
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Outlook

Analytic number theory tools very helpful up to dimension 3. Some results might
generalise up to dimension 5. Bad behaviour expected in higher dimensions.

Need to find better ways to combine number theory and category theory tools.
Category theory data well known for s[(2) but higher ranks look hard.

So far everything has been rational (semisimple and finite). Would be nice to go to
finite non-semisimple, but many new tools would be needed.

Thank you!
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