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Motivation

Bottom-up approach to constructing conformal field theories:
® Pick a chiral algebra (vertex operator algebra)

Classify modules in a suitable category

Compute characters and their modular properties

Find modular invariants

Compute fusion products of modules

Compute correlation functions
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Classifying positive energy modules

vertex operator algebras associative unital algebras

free field vertex algebras
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Sketch of Zhu’s algebra

Let £ be the Lie algebra of modes of a VOA V and let U(L), be the
centraliser of Ly in U(L). Define the zero mode map

V- U(ﬁ)o, A— Ap.
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Let £ be the Lie algebra of modes of a VOA V and let U(L), be the
centraliser of Ly in U(L). Define the zero mode map

V- U(ﬁ)o, A — Ap.
Let 7 : U(L)o — U(L)o be the projection, where the kernel is spanned

by Poincaré-Birkhoff-Witt basis elements with non-zero modes. Zhu’s
algebra is the image of

V5 A s [A] = m(Ag).
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Sketch of Zhu’s algebra

Let £ be the Lie algebra of modes of a VOA V and let U(L), be the
centraliser of Ly in U(L). Define the zero mode map

V — U(ﬁ)o, A — Ap.
Let 7 : U(L)o — U(L)o be the projection, where the kernel is spanned
by Poincaré-Birkhoff-Witt basis elements with non-zero modes. Zhu’s
algebra is the image of

V3 A~ [A] = 7(Ao).

The associative product is given by

[A] * [B] = 7(AoBo)
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Universal Virasoro vertex operator algebra

The universal Virasoro vertex operator algebra Vir,, c € C:
C) 1 generating field T =", ., L,z "2
C) OPE relation: T(2)T(w) = Lo + o + 20 4 reg
P)
C) Basis: : 0" T(z)---0™T(z);,n; > --->ny > 0.
P) Zhu algebra: CI[T]
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Virasoro minimal model vertex operator algebra

e The universal Virasoro vertex operator algebra has a proper ideal
if and only if there exist p,q > 2, ged(p, q) = 1 so that

(p—q)?
pq

c=1-6

= Cpygs

¢ The ideal is generated by a singular vector of conformal weight
(p—1(g—1).

¢ The Virasoro minimal model vertex operator algebra M(p, q) is the
quotient by this ideal.
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Virasoro minimal model vertex operator algebra

e The universal Virasoro vertex operator algebra has a proper ideal
if and only if there exist p,q > 2, ged(p, q) = 1 so that

cP—a)’
pq

c=1-

= Cpygs

¢ The ideal is generated by a singular vector of conformal weight
(p—1(g—1).

¢ The Virasoro minimal model vertex operator algebra M(p, q) is the
quotient by this ideal.

As a vertex operator algebra:
e 1 generating field 7 = 3", ., L,z ">
e Same OPE and commutation relations.
e Spanning set: : 9"T(z)---0™T(z);, ny > -+ > ng > 0.
e Zhu algebra: C[T]/ (image of singular vector)
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Module classification: Yang-Lee model, ¢, 5 = —22/5

e |deal generated by singular vector y
X = (L2—2 - QL 4)Q2

x(z) =:T(2)?*: - 732 =

nez

e Evaluate x( on a candidate Virasoro highest weight vector €.
0=xo = (L% + %L())Qh = h(/’l + %)Qh

Image of x in universal Zhu algebra, C[T], is T(T + 1/5).
¢ Minimal model Zhu algebra: C[T]/(T(T + 1/5)).
* Two inequivalent simple modules. Highest weights 0 and %l
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General classification scheme

Zhu algebras for universal vertex operator algebras are easy.
Finding singular vectors is very hard in general.

¢ Realise universal vertex operator algebras as subalgebras of free
field algebras.

Free field algebras admit screening operators which can be used
to construct singular vectors.

These singular vectors allow one to find presentations of the
quotient Zhu algebras.
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Virasoro minimal models

e Central charge
(r—q)?
Cpg=1—6—-"—
P9 Pq

¢ Image of singular vector in Zhu algebra C[T]:

p—1q—1

_ B _(ps—qr)*—(p—9q)?
= TIII T-hs, hes= ira .

r=1 s=1

(rvs)N(P*hq*S)
¢ Minimal model Zhu algebra: C[T]/ (f(T))
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s[(2) minimal models

C) Generated by standard basis of sl(2): e, i, f
C) OPE relations: For x,y € sl((2)

Kk(x,y)k x, y|(w
(o) ~ 7B B0 ey

P) There exists an ideal if and only if there exist integers u > 2, v > 1,
ged(u,v) = 1 for which k +2 = .

P) The ideal is generated by a singular vector of conformal weight
(u— 1)v and sl(2) weight 2(u — 1).

P) Zhu algebra: U(sl((2))

P) Quadratic Casimir: Q = h?/2 + ef + fe. Image of singular vector

u—1v—1 5 D D
(vi—uj)*—v
I - a-uli=tl=?
i=1 j=l1
(i)~ (u—i,v—j)
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s[(2) minimal models. Simple module classification

Image of singular vector

u—1v—1 o — o 2 v
H H Q qlJ qij = ”(52)
i=1j=1
(i)~ (u—iv—j)
e Simple positive energy affine s[(2) modules are quotients of
inductions from simple sl(2) weight modules.
e Simple sl((2) weight modules are classified by the following list:
® Fi, A€ Z>o: A+ 1 dimensional module of highest weight Ac.
* VI, A € C\ Zxo: Infinite-dimensional highest weight module of
weight \a.
® Vi, A e C\ Z<o: Infinite-dimensional lowest weight module of
weight Aa.
®* Drg, g €C, AeC/2Z and g # LA(A +2) for all A € A: Dense
module, Q = ¢ - id.
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s[(2) minimal models. Simple module classification

Image of singular vector

“dvd (vi — uj)> —v?
eI @—aw) Gij =u—— 5
i=1 j=1
(i)~ (u—iv=j)

¢ Simple sl((2) weight modules are classified by the following list:

® Fx, A € Z>o: A+ 1 dimensional module of highest weight Aa.. Must
have A <u — 1

* VI, X € C\ Zxo: Infinite-dimensional highest weight module of
weight Aa.

® Vi, A€ C\ Z<o: Infinite-dimensional lowest weight module of
weight \a.

® Drg, g €C, AeC/2Z and g # 1A(X +2) for all A € A: Dense
module, Q = ¢ - id.

For the infinite-dimensional modules we must have Q = ¢;;; - id
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Free field realisation of the universal Virasoro VOA

Free boson or Heisenberg vertex operator algebra
* 1 generator a: a(z)a(w) ~ m

* T(z) = %: a(z)?: + RLa(z), c =1—303, ag € C.
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Free field realisation of the universal Virasoro VOA

Free boson or Heisenberg vertex operator algebra
* 1 generator a: a(z)a(w) ~ ﬁ

® T(z) = 3:a(z)* + La(z), c = 1 —3a3, ap € C.

® Fora,,a_,suchthat o a_ = -2 and a; + a_ = ay,
A a_,w" a,w "
Si(w) = eXFtwED H exp (ai = ) exp <—O¢:|: ~ )
>1 n n
m=

is a screening field: 0+ = Res,,— [S+(w)] commutes with 7' (z).

® (. defines a map between Fock spaces F\ — Fy;,,. Whenever
the residue is well defined.

¢ Since O+ commutes with T'(z), the image of the highest weight
vector of F, will be singular in Fyi,, .
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The singular vector at minimal model central charges

The vacuum singular vector can only be constructed by composing
multiple screening operators.
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The singular vector at minimal model central charges

The vacuum singular vector can only be constructed by composing
multiple screening operators.

Letp,q > 2, ged(p,q) = 1 and

our—” 1/ ag=0ar+a_, c=1— 30—1 6(p )

The vacuum singular vector of the universal Virasoro VOA is

x = 07711 = p)ay) oc @47 (1 = g)ar).

The minimal model conformal weights are the zeros of the action of the
zero mode of y on highest weight vectors.
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Composing screening operators
To construct the singular vector we must compose screening fields.

St(z1) -+ S4+(zr) = el Hz;éj( —z)* i/ [z ;x+a0

I] ex» <a+ =20 > exp (_a+ ZZ"”)

m>1

Proposition: If and only if 4 = 5"y — 2a_, k € Z, there exists a
unique choice of a cycle ' such that

= [pS+(z1) -+ - Sy (zr)dzy - - - dzy : F%wfém — F%a+7§a,

is a non-trivial Virasoro homomorphism.

o |fk>0thenQ \ Loy — bal) =0.

o ifk < 0then QW) 52ay — £a ) £0.
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Appearance of symmetric polynomials

Action of Q[j_] onF_, X

Ta+—§a_'
Q[r] ra+a/]:[ _ a+/2 sz—i-l
i#j
d "‘dr
m>1 r
This integral defines a well known inner product on the ring of
symmetric polynomials Clzy, ...,z
o= [ TI0- DG, . 5 gtar oo ) it
i#]

This inner product is symmetric and it vanishes if deg(f) # deg(g).
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Symmetric polynomials

Ring of symmetric polynomials in r variables: A, = Clzy,--- , 7%
Many well known generators:

e Power sums
Pe(2)=> 2

¢ Elementary symmetric polynomials

@)= Dz

1< <<

A, =Clpy,...,p;] =Cley, ..., e
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Symmetric polynomials

Many well known bases. Generally indexed by partitions
A=A, A,

® Power sum basis: px = px,Px, -

* Elementary symmetric basis: ey =e,,ey, - --

* Monomial symmetric polynomials:

Ao(1) Ao
my (z) = 221 (I)Zz @

[

where the o are all distinct permutations of A = [A1, A, ... ].

o DA L DD L B
My (21,22) = 2173, Mpg(21,22,23) = 212 + 2183 + 2223 -

EB (Cp,\— @ Cey = @ (Cm,\

M <r A <r WP
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Jack symmetric polynomials

Jack symmetric polynomials P (z) are uniquely characterised by
© Upper triangular: P4 (z) = my (z) + >, -y cor ()M, (2)
@ Orthogonal: (Py,P}). =0, if A # v.
Well studied:
* (P} (2), P4 (2)), = ax(0)
© [T, —y2) ™ = [Tz oxp (12200220} = 57 5, (9P, () P (2)

o [L(1+z)%" =Y, dr(X,1)P} (2)
Where a, (1), bx(t), ¢, 2(1), dr(X,t) are rational functions in ¢. Explicit
formulae known.
Examples:
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Determining conformal weights from the zero mode

We want to evaluate the zero mode of the singular vector

(1 - p)ay) = /FS+(ZI) 84 (zp-1)|(1 —plag)dzy - dzpy -

The corresponding field is
0™ WV(1 e, (W)

= /S+(Z1 +w) S (zp—1 + W)Vi—pya, W)dzy - - - dzp—1 .
iy

The easiest way to evaluate such a zero mode is to evaluate matrix
elements

<T|QE_H V(l—p)Ol+ (W) |T> )

where 7 € C and (r|a_, = 0,n > 1.
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Determining conformal weights from the zero mode

p—1 r/q
-1 a T
(rlQY ™ WVa_pya, (w)I) :< ey @ T+ >

i=1 p—1
There are known formulae for expanding

p—1

[Ta+2) W—Zg ay )P/ () wiM

=il
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Determining conformal weights from the zero mode

(102 V(1 pyay W)I7) o€ gigmryp-1y(es7) o< [T (hr — ),

r,s

where 1 <r<p—-1,1<s<gqg-1,(r,s)~(p—r,q—s)and

2 2
T s—qr)-— (p—
hTZE(T_QO)a hr,s: (p 1 )4pq(p q) .

Theorem
Let f(T) = [, (T — hys).

Keliul
Minimal model Zhu algebra: 777y

The minimal model highest (conformal) weights are the zeros of £(T).
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Other algebras: s((2)

Non-simple levels: k +2 = %, u >2,v > 1, ged(u, v) = 1.

Matrix element to be evaluated:

u—1 ufv u—1v—1
<P?</vv_1>ul]’ (1+2) VT 1> «~ JIII ¢

i=1 i=1 j=1
(i)~ (u—iy—j)

7 free boson weight, ¢, eigenvalue of quadratic Casimir.

Image of singular vector in Zhu algebra U(s((2)):

u—1v—1

HH (Q — 4ij)

i=1 j=1
(i)~ (u—i,v=j)
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Other algebras: N = 1 Virasoro

e Generated by 1 even and 1 odd field: T, G.
OPE relations

T(w)

c/2 2T(w)
T mw e wp
T()G(w) ~ Z 2_va”)”2) + ‘ZG_(”:V)
2¢/3 2T (w)
(z—w)3 + Z—w

0
+
%

Non-simple if and only if there exist p,g > 2, p — q € 27,
ged (p,239) = 1, so that c = § — 320",

Singular vector at level (p — 1)(¢g — 1)/2

NS Zhu algebra: C[T]

R Zhu algebra: C[G] = C[T] & GC[T], G>* =T — ¢/24
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Other algebras: N = 1 Virasoro
To find image of singular vector evaluate the following matrix elements:

p—1 . 2p/(q—p) p—1g—1
NS : <Pg3,H(1+zi)\/;T> = JIII -~

i=1 7=l =il
(r,s)N(p—r,q—s)
r+s€27
—1g—1

il 2p/(q—p)
q 1
R: <P5 ,||(1+zl)\[T2> = |||| (hy — B

i=1 r=1s=1
(r,s)~(p—r,g—s)

q . +s€2Z+1
T free boson weight; 4, conformal weight. e
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Other algebras: N = 1 Virasoro
To find image of singular vector evaluate the following matrix elements:

p—1 . 2p/(q—p) p—1g—1
NS : <Pg3,H(1+zi)\/;T> = JIII -~

i=1 7=l =il

(r,s)N(p—r,q—s)
r+-s€27

p—1 : ' 2p/(q—p) —1qg—1
R: <Pg3, (1+Zi)\/;7—2> = HH (hr — 1)

i=1 r=1s=1
(r,s)~(p—r,g—s)

. . r+se27+1

T free boson weight; 4, conformal weight.
NS Zhu algebra: C[T]
Image of singular vector in NS sector: [, (7 — h£§£5>>
® R Zhu algebra: C[T] & GCIT]
Image of singular vector in R sector:

° L. (T—h¥ > if p, ¢ odd,

* GI[,,(T- h,s ), if p, g even.
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Other algebras: universal osp(1|2) vertex operator
algebra
* Generated by basis of osp(1|2): even e, h,f, odd x,y

[evx] = [f;Y] =0, [eay] ) [f,X] == [hvx] =4 [hvy] =y
{xvx} = 2e, {x,y} = h, {y7y} = —2f.

® OPE relations: for g, € osp(1/2)

k(g,h)k ,hl(w 3
ek B HO) S

8(2)h(w) ~ - .

® Non-simple levels: 2k + 3 = ’5, u>2,v>1lu—ve?2lz,
ged(u, 5Y) = 1.

e Singular vector at conformal weight (u — 1)v/2 and osp(1]2) weight
u—1.

* NS Zhu algebra: U(osp(1]2)).

* R Zhu algebra: U(sl(2)).
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Other algebras: universal osp(1|2) vertex operator

algebra
To find the image of the singular vector evaluate the matrix elements

u—1 2u/(v—u)
NS : <Pg3,H(1+zi)‘\/7/"1>

i=1

u—1 2u/(v—u)
v 1
R: <P6_3, (1+Zi)\/:/T_2>

i=1

Image of singular vector:
® 4, vodd:

u—1v—1

u—1v—1
(u=1)/2 H vl] - St,] R: e(u—l)/Z H H (Q - qu) :

i=1 j=1 i=1 j=1
i+j€2Z+1 i+je2z
(i)~ (u—i,v—j)
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Other algebras: universal osp(1|2) vertex operator
algebra

To find the image of the singular vector evaluate the matrix elements

u—1 2u/(v—u)
NS : <Pg3,H(1+z,-)‘\/7/"1>

i=1
u—1 2u/(v—u)
v 1
R: <P6_3, (1+Zi)\/:/T_2>
i=1

Image of singular vector:

® u,veven:
u—1v—1 u—1v—1
2)/2 2)/
N: D TT] s A2 TTIT @-a).
i=1 j=1 i=1 j=1
i+je2Z+1 i+jE€27Z
(i)~ (u—iv=j)
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The End

Thank you for coming!
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