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@ Rational vs logarithmic conformal field theory

® By ghosts as a logarithmic VOA

(Simon Wood, Cardiff) Log CFT



Rational vertex operator algebras

* Module theory is semisimple.
— Virasoro L, operator is diagonalisable.

¢ Finitely many inequivalent simple modules.

e Span of module characters carries a representation of the
modular group SL(2,Z). [zhu]

e Module category is a modular tensor category. [Verlinde,
Moore-Seiberg, Huang]

Verlinde product derived

Fusion product derived = | from SL(2,7) action on

from correlation functions

characters
Si1S;1Sk1
M; x M; = (D NEM, N{;:Z#
k i .
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Logarithmic vertex operator algebras

* Module theory is not semisimple.

— Virasoro L, operator can have Jordan blocks.

¢ Finitely many inequivalent simple modules if ¢, condition is
satisfied.

e Span of torus 1-point functions carries a representation of the
modular group SL(2,Z). [Miyamoto]

e Module category is not a modular tensor category. Instead just a
braided tensor category [Huang-Lepowsky-Zhang] (provided tensor
product exists).

Verlinde formula must fail as characters can’t distinguish all modules
and modular action does not close on characters.
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The By ghost logarithmic conformal field theory

Two generating fields 8 and y.

YEBOK) ~ —— ~ —B()70), BEB(W) ~ 0~ ¥()y(w)

—w

T(z) =—:B(2)d7(z):, J(z)=:PB(2)¥(2):
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The By ghost logarithmic conformal field theory

Two generating fields 8 and y.

YEBOK) ~ —— ~ —B()70), BEB(W) ~ 0~ ¥()y(w)

—w
T(z) =—:B(2)dr(2):, J(2)=:PB(2)¥(2)
Let B(z) =X, B,z " " and y(z) = ¥, 7z " then

['}'maﬁn] = 6m+n,017 [.Bmaﬁn] =0= [Ym’ Yn]
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The By ghost logarithmic conformal field theory
Two generating fields 8 and y.

YEBOK) ~ —— ~ —B()70), BEB(W) ~ 0~ ¥()y(w)

T(z) = - : E(Z)ay(Z) Ho J(@)=:B(2)r(@) -
Let B(z) =X, Bz " and y(z) = ¥, 1z " then
(Vins Ba] = Sminol, (B Bu] = 0 = [Yin, ]
Triangular decomposition:

& = (@ CB_.a® C}’n> S CypaeClaCpyd <@ CB. @ C%)

n>1 n>1

/

n_ ny
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Category ¢

&= (@Cﬁ_n@(:y_n> ®Cr®C1®CJydCLyDCPy® (@CBH@C%,)
—_———

n>1 b n>1

n_ ny

Definition: Category &
The category of & modules M satisfying
¢ 1 acts as identity operator.
* M is finitely generated.
* Jy acts semisimply (M is a weight module).

e Action of n; is locally nilpotent: Vm € M, U(n, )m is
finite-dimensional.

(Simon Wood, Cardiff) Log CFT 6/23



Highest weight modules (category ©0)

Proposition

0 is semisimple. Contains only one simple object, ¥/, (up to
equivalence).

Q Y %Q %O
[ ) [ ) [ ) [ ) [ )
B-1Q
[ ) [ ) [ ) [ ) [ ) [ )
B*,Q
[ ) [ ) [ ) [ ) [ ) [ ) [ )
[ ) [ ) [ ) [ ) [ ) [ ) [ ) [ )
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Highest weight modules (category ©0)

Proposition

0 is semisimple. Contains only one simple object, 7/, (up to
equivalence).

Jo o N KB RQ
[ )
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Highest weight modules (category ©0)

Proposition

0 is semisimple. Contains only one simple object, ¥/, (up to
equivalence).

Jo Q Q2 ’yg.Q ’}’39.

Closed under fusion, ¥ x ¥ = ¥, but not under action of SL(2,Z).
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Highest weight modules (category ©0)

Proposition

0 is semisimple. Contains only one simple object, ¥/, (up to
equivalence).

o o N B RQ
[ ) [ ) [ ) [ ) [ )
[ ) [ ) [ ) [ ) [ ) [ )

g\

_ —c/24 _
ch [%] = tr’y/ ZJOqLO C/ - H;;l(l—zqi)(l—z‘lqi‘l)’

gl <1, 1<z < g7
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New modules from automorphisms

® admits two automorphisms
e Conjugation c(B,) = %, ¢(%) = —Bu, c(Jo) = 1=Jo, c(Lo) = Lo.

e Spectral flow 6 (B,) = Bu_t, 6 (1) = Yurr, 6 (Jo) = Jo + 1,
o'(Ly) =Lo—tlp—3(t—1)1, L€ Z.

Definition: Twisted module

Let M be a & module, a an automorphism. Define a twisted module
by aM = M as vector space. Twisted action x-om = a ' (x) -m, x € &,
meM.

Proposition
¢V =o'V and 6!V ¢ O for £ #0.
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The module ¢

3 2

By By Bow o)

[ ) [ ) [ ) [ ) [ )
Y-10
[ ) [ ) [ ) [ ) [ ) [ )
7,0

[ ) [ ) [ ) [ ) [ ) [ ) [ )
[ ) [ ) [ ) [ ) [ ) [ ) [ ) [ )

ch[c¥](z.q) = —ch[¥](z.q), la|l <1, gl <|2 <1.
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Going beyond highest weight modules

&= (@Cﬁ_n@Cy_n> S Cy ®C1eCJo®CLy® CPo @ (@Cﬁn@mn)

n>1 b n>1 ,

P P
n n

Definition: Category #
The category of ® modules M satisfying
¢ 1 acts as identity operator.
M is finitely generated.
Jo acts semisimply (M is a weight module).

Action of n,_is locally nilpotent: Vim € M, U(n )m is
finite-dimensional.

Simple objects of % can be induced from simple h” modules.
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h? weight module classification

Theorem [Block]

Any simple h” weight module is equivalent to one of the following.
© Unique highest weight module: 7 = C[y]Q, BoQ = 0. — JoQ = 0.
® Unique lowest weight module: 7" = C[B]®, 1@ = 0. — Jo® = .
® Dense module: For A € C\ Z, let

W, = C[Bo] Boup ® uy, ® Cl]v0us

be the module generated by a weight vector u;, Jou; = Auy.
W =W, ffAl—pecl.
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h? weight module classification

Theorem [Block]

Any simple h” weight module is equivalent to one of the following.
© Unique highest weight module: 7 = C[y]Q, BoQ = 0. — JoQ = 0.
® Unique lowest weight module: 7" = C[B]®, 1@ = 0. — Jo® = .
® Dense module: For A € C\ Z, let

W, = C[Bo] Boup ® uy, ® Cl]v0us

be the module generated by a weight vector u;, Jou; = Auy.
W =W, ffAl—pecl.

For A =0, there exist two indecomposables characterised by the
non-split exact sequences

0—7 —Wy —V —0, 0—7 —Wy —V —0.
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Going beyond highest weight modules

¥ and ¢7 are the inductions of 7 and 7. Let #; and 7, be the
inductions of 7, and 7, .

Theorem

Up to isomorphism, the simple objects of #Z are ¥, ¢¥', #),, AL € C,
re(1) € (0,1).

Note: ‘% ¢ % for £ #0, 6"V ¢ % for £ #0, 1.
Definition

Let .7 be the module category generated by 7, #;, A € (0,1), spectral
flow twists and extensions.
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The %), modules

3 2 2
Bowj  Bowi  Pou uj You; Youj
[ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ) [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ) [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ) [ ] [ ] [ ] [ ]
gl
ch[#3](z,q) = (= q)? Y
Hl 1 o meZ
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Spectral flow twists

Spectral flow ‘tilts’ the energy grading:

A4
S PP
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Spectral flow twists

Spectral flow ‘tilts’ the energy grading:

A4
SIS FP

The action of the modular group closes on the span of the characters
of ', L€ Z, A €(0,1).
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Towards a logarithmic Verlinde formula

The action of the modular group closes on the span of ¢/%,
characters.

S:ch ’Z% Z/ Z% HGm%} ch[o"#,]du

meZ

S [Gé% N Gm%] — (_1)f+mef27ri(€u+m/l)
This S matrix is symmetric and unitary.
(Simon Wood, Cardiff)

Log CFT 15/23



Towards a logarithmic Verlinde formula

The action of the modular group closes on the span of ¢/%,
characters.

S:ch ’Z% Z/ Z% HGm%} ch[o"#,]du

meZ

S [Gé% N Gm%] — (_1)f+mef27ri(€u+m/l)

This S matrix is symmetric and unitary.
What about ¢/7'?
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Towards a logarithmic Verlinde formula

Recal,l 0 — o'V — %, — ¥ — 0.
We can resolve ¥ in terms of the ‘#, by splicing exact sequences.

s 0 Wy — o Wy — W —V —0

The character of ¥ can then be computed using the Euler-Poincaré
principle.

ch [047/] =Y (~1)"ch [GZ_’”%} .
m=0
S-transformation:
—2mi(l+1/2)n
S |:G€7/ N Gm%] _ (_1)€+m+le.77.
eﬂ.’lp, —e Ty
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Recall the rational Verlinde formula

Rational vertex operator algebras admit only a finite number of

inequivalent simple modules M;, i =0,...,n, where M, is the vacuum

module.

Fusion: M; x M; = @, Nf;My, Nf; € Ny.

Action of modular group closes on span of module characters:
T:ch [Ml] — Tl'Ch [Ml]
S:ch [Ml] g SiJCh []WJ]

The Verlinde formula relates the fusion structure constants and the
S-matrix coefficients.

SinSinS
£ =y Sindindkn
Mi= L

n

(Simon Wood, Cardiff) Log CFT

17/23



Towards a logarithmic Verlinde formula

Natural proposal for a logarithmic Verlinde product:

1
ch[M x N] = Z/o Nyiyeh [6"#] d.

mezZ

dv

NE /1S[M%Gan]S[N%G"%]S[Gm%%Gn%]
Y 0 SV — o™,
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Towards a logarithmic Verlinde formula

Theorem
Verlinde product satisfies
ch[cM x ¢cN| =ch[c(M x N)]
ch [GZM X GkN] =ch [G“k(M X N)
and
ch[¥ x ¥]=ch[V],
h ¥ x #y] =ch [#4],
ch [#4 x W] = ch [#3pp] +ch [0 Hi].
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Towards a logarithmic Verlinde formula

Theorem
Verlinde product satisfies

ch[cM x ¢N| = ch[c(M x N)]
ch [GZM X GkN] =ch [GZ'HC(M X N)

and
ch[¥ x ¥]=ch[V],
ch [V x #y] = ch [#].
ch [#3 x #y] = ch [#14,] e [0 Wi ].

Verlinde product and fusion product agree in spot checks.
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Towards a logarithmic Verlinde formula

Theorem
Verlinde product satisfies

ch[cM x ¢cN| =ch[c(M x N)]
ch [GZM X GkN] =ch [GHk(M X N)
and
ch[¥ x ¥]=ch[V],
ch ¥ x ] =ch [#4)]
ch [#5 % #i] = ch W] +ch [0~ W]

Verlinde product and fusion product agree in spot checks.
Fusion products uniquely determined by characters unless A +u € Z.
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Indecomposable fusion products

By direct computation: #; x #_; = 6~ ' %2, where

/\
\/

0— ) — P — oWy —0, 0—0cWy — P —W, —0.
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Conjecture
In 7
e the 6'#;, A € (0,1), are simple and projective,
e the o/ are indecomposable projective covers of /7,

¢ the Verlinde product matches the fusion product (at the level of
characters).
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General pattern

@ Preferred class of modules, called standard modules,
parametrised by a measurable space (M, ).

@® The subset of M corresponding to non-simple standard modules
has measure zero with respect to .
® Simple standard modules (conjecturally) admit no extensions.

@ The characters of the standard modules form a (topological) basis
for the space of all characters.

® The characters of the standard modules span a representation of
the modular group SL(2,7Z). In the standard basis, the
S-transformation defines a symmetric, unitary operator whose
square may be identified with conjugation.

O Combining the S-transformation with the obvious generalisation of
the standard Verlinde formula leads to fusion rules at the level of
characters (with non-negative integer coefficients).
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General pattern

The standard module pattern has been observed for:
* The free boson

e The (1,p) and (p,q) singlet algebras [Creutzig-Milas, Ridout-SW,
Creutzig-Milas-SW]

The By ghosts [Ridout-SW]

Affine sl(2) [Creutzig-Ridout]

Affine osp(1|2) [Ridout-Snadden-SW]
® and more...
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