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Motivation

Bottom-up approach to constructing conformal field theories:
® Pick a chiral algebra (vertex operator algebra)

Classify modules in a suitable category

Compute characters and their modular properties

Find modular invariants

Compute fusion products of modules

Compute correlation functions
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Today’s chiral CFTs

The Virasoro chiral CFT Vir., ¢ € C:
* 1generating field T =3, _, L,z "2
e OPE relation: 7(z)T(w) = (Zi/jy + (Z(::))z + 0 4 reg

e Commutation relations: [L,,, L,] = (m — n)Lyn + Omyno5 (m* — m)
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Today’s chiral CFTs

The Virasoro chiral CFT Vir., ¢ € C:
e 1 generating field 7 = 3, ., L,z ">

e OPE relation: 7(z)T(w) = (22/5)4 + (Z(LV))z + 20 4 g

e Commutation relations: L, L,] = (m — n)Lyyn + Omino5 (m

The free boson H:
* 1 generating field a = 3, ., anz """
® OPE relation: a(z)a(w) = (ZJT)Z + reg
e Commutation relations: [a,,, a,] = mdy4n,0

e Choice of conformal structure: T(z) = 1: a(z)*: + 2Lda(z),

c:1—3ag
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Vacuum Verma module structure of Vir,

generic ¢ Clp Cpa
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Vacuum Verma module structure of Vir,

generic ¢ Clp Cpa
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Kac table, c = —%,p = 2,9 = 5, Yang-Lee model

white coloured
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Module classification: Yang-Lee model

¢ |deal of null vectors/fields generated by a vacuum module singular
vector y

= (L2—2 - §L 4)Q

Y(xiz) =:T(2)*: — 782 => "

nez

e Evaluate x( on a candidate Virasoro highest weight vector (..

0= XOQh = (L% + %L())Qh = h(h + %)Qh
e Conformal weight can only be 0 or =!.

(Simon Wood, Cardiff) CFT and sym polys 6/21



Classifying minimal model modules

* Previous example was not a fluke. Up to some “technicalities”
(codified in Zhu’s algebra), the module theory is completely
characterised by the action of zero modes on highest weight
vectors.

¢ Previous example depended heavily on explicit form of the
singular vector. Singular vectors are very hard to find in general.
No general closed formulae are known.

e Goal for the rest of the talk: Find a better way to evaluate zero
modes of singular vectors on candidate highest weight vectors.

Zhu’s algebra:

e Zhu’s algebra is the associative algebra of zero modes acting on
vectors in modules which are annihilated by positive modes.

e Constructible as a vector space quotient of V.
Zhu(V/I) = Zhu(V)/Zhu(I).

¢ Simple V-modules L simple Zhu-modules.
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Yang-Lee using Zhu’s algebra

e Zhu(Vir,) = C[x| for all ¢ € C, where x = [T] is the image of the
conformal vector.

® Forc= —%, the image of the singular vector is
) = f(x) = x(x + 5).
¢ Explicit presentation of the minimal model Zhu algebra.

Zhu(M(2,5)) = 3

® On simple modules over Zhu(M(2,5)), x must act by multiplication
by a zero of f(x).
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Module classification and symmetric polynomials

vertex operator algebras

associative unital algebras

free field vertex algebras
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Module classification and symmetric polynomials

vertex operator algebras

Zhu
/\

~

associative unital algebras

1-1 corr of simples

free field vertex algebras
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Module classification and symmetric polynomials

Zhu
/\
vertex operator algebras associative unital algebras
ideals and quotients ideals and quotients
f\_/v

1-1 corr of simples

realisation

free field vertex algebras
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Module classification and symmetric polynomials

Zhu
/\

vertex operator algebras associative unital algebras
ideals and quotients ideals and quotients

~

1-1 corr of simples

realisation compute
relations

free field vertex algebras
symmetric polynomials
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Free field realisation

Recall free boson CFT H.

e Generated by a(z).

® T(z) = 3:a(z2)* + La(z), c = 1 — 303,
Let ¢ = a + log(z)ap — Znﬂ) Gz, 0¢ = a, [am, al = Omp.
For ay,a_,suchthat aya_ = -2 and a; + a— = ay,

Si(w) = : e+

is a screening field: 01+ = Res,— [S+(w)] commutes with 7'(z).
Q- defines a map between Fock spaces F — Fy;,. Whenever
the residue is well defined.

Since Q0. commutes with 7'(z), the image of the highest weight
vector of F will be singular in Fy, .
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The singular vector at minimal model central charges

The vacuum singular vector can only be constructed by composing
multiple screening operators.
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The singular vector at minimal model central charges

The vacuum singular vector can only be constructed by composing
multiple screening operators.

Letp,g > 2, ged(p,q) = 1 and

/2 /
ay = —q,a ap = aqta_, c—1—3a0—1 6(p Q).
p

The vacuum singular vector in Vir, C H is

x =01 = play) x 091 = g)a_) € Vir, ¢ H.

The minimal model conformal weights are the zeros of the action of the
zero mode of y on highest weight vectors.
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Composing screening operators

To construct the singular vector of Vir, C H, we must compose
screening fields.

S (@) Selar) = @ Ty a —5) 2 Ty 7

H exp <a+a;1”’ Zzi") exp (—a+‘;': Z ij)
m>1 i i
Prop

If and only if © =
cycle I" such that
Q[J:] = [0 S4(z1) - Sy (z)dzy - - - dzp : Fﬁmﬁka_ =5 meﬁgo_
is a non-trivial Virasoro homomorphisr721. ’ ’ ’
0|fk>0thenQ | oz+—§a> 0.

0|fk<0thenQ | oz+—§oz>7é0

ST 2a k € Z, there exists a unique choice of a
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Appearance of symmetric polynomials

Action of Q[j_] onFi_, &

3 a+—2a,'

Q[r] ra+a/H - a+/2 HZkJrl

i#j

m>l Zl...zr

This integral defines a well known inner product on the ring of

symmetric polynomials Clzy, ...,z
o= [ TI0 =20 a2 e
i#]

This inner product is symmetric and it vanishes if deg(f) # deg(g).
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Symmetric polynomials
Ring of symmetric polynomials in r variables: A, = Clzy, ..., z,]%"

Many well known generators:
* Power sums

() =)
e Elementary symmetric polynomials
e (z) = Z Zip  Zig

1<iyp <<l

A =Clp1,...,p-] =Cley,... e
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Symmetric polynomials
Many well known bases. Generally indexed by partitions
A=A, A,

® Power sum basis: py = py,Ppx, - -

* Elementary symmetric basis: ey = e, ey, - --

* Monomial symmetric polynomials:

Ao(1) Ao
my (z) = 221 (l)zz @

[

where the o are all distinct permutations of A = [A1, A2, ... ].

22 22, 22, 22
Mpo (21,22) = 2122, Mpo (21,22,23) = 2175 + 2125 + 2225 -

A, = @ Cp,\: @ Cey = @ Cmy,

AAi<r AA<r AN <r
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Jack symmetric polynomials

Jack symmetric polynomials P! (z) are uniquely characterised by
@ Upper triangular: P} (z) = my (2) + >,y con(t)m, (z)
® Orthogonal: (P|,P). =0, if A # v.

Well studied'
* (P} (), =
* 11, (1 ym = Hm>1 exp (1220222} = 57 b, (1)PL, (v) P (2)
o [L(I+2)% =3\ dr(X, )P} (2)

where a) (1), by(1), c, A (1), dx(X, 1) are rational functions in . Explicit

formulae known.
Examples:
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Determining conformal weights from the zero mode

We want to evaluate the zero mode of the singular vector

0" (1~ plas) = /FS+<zl> Sy gpen)|(1 — pag )z -+ deo

The corresponding field is
ol Vi—p)ay (W)

= /S+(Zl +w) S (zp—1 +W)V(i_pyay (W)dzr -+ - dzp—1 .
r

The easiest way to evaluate such a zero mode is to evaluate matrix
elements

<T|QE_H V(l—P)Oé+ (W) ’T> )

where 7 € C and (r|a_, = 0,n > 1.
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Determining conformal weights from the zero mode

p—1 r/a
(107 V1 gy WT) = <Plf</qq o @ 11+ W>

i=1 p—1

There are known formulae for expanding

p—1

[Ta+2) a+T—Zg (apT)PE/T (2) w1

i=1
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Determining conformal weights from the zero mode

(102 Wit pyay W)IT) o gtg 11y (@) o< [ (hr — )

r,s

where 1 <r<p—-1,1<s<gqg-1,(r,s)~(p—r,q—s)and

2 2
T S —qr)” — -
hTZE(T_QO)a hr,s: (p 1 )4pq(p q) .

Theorem

Letf(hr) = [T, (hr — hrs).
Zhu's algebra: Zhu(M(p, q)) = 7
The minimal model highest (conformal) weights are the zeros of f(x).
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Other algebras

W(p,q) triplet, ¢ = 1 — 650 p g > 2, ged(p,q) = 1.

p—l rla
<Pp/q ’ z, oc+7'> _ H (hT _ hr,s)

l=1 p—1 IS

T free boson charge; i conformal weight; r, s € extended Kac table
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Other algebras

—

sl(2)ik=-2+5p>24>1,gcd(p,q) = 1.
pl p—2—n+o i p—1—m
_l_n n—m
m=0

n= O
, p—1 L p/q
) <PI[)q"’qﬁ(q—1)q‘m]’H(l+Zi) p >
i=1

X gp(AT,cn hT) H(hT - hr,s) ’

r,s

T free boson charge; o charge of 5y ghosts; A, s[(2) weight; /.
conformal weight; r, s € Kac table
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Other algebras

N = 1 Virasoro: ¢ = 3 —3@;;)2,P,6122,P—q€22, ged (p, 51) = 1.

—1 . 2p/(a=p)
NS : <P53,H(1~|—zi)\/;T> Hh 0
i=1
_— Zp/(q*p)
R: <Zc,\P +Zi)\/:7—_2> OCH(hT—hgg))

7 free boson charge; i, conformal weight; r, s € Kac table

i=1
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The End

Thank you for coming!
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