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Finite osp(1]2)
osp(1|2) = span{e,x,h,y,f} D span{e,h,f} = sl(2)
Commutation relations:

[hve] =2e, [h7f] = —2f, [evf] =h
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Finite osp(1]2)

0sp(112) = span{e,x, h,y,f} O span{e,.f} = s1(2)
Commutation relations:

[h’x] =X, [hvy] =) [e’x] = [f,}’] = 07
[eay] ==X [fvx] =y
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Finite osp(1]2)
osp(1|2) = span{e,x,h,y,f} D span{e,h,f} = sl(2)
Commutation relations:

{x.x}=2e, {yyt=-2f, {xy}=nh
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Finite osp(1]2)

0sp(112) = span{e,x, h,y,f} O span{e,h.f} = s1(2)
Commutation relations:

{x.x}=2e, {yyt=-2f, {xy}=nh

Normalised inner product

kK(h,h) =2, «x(e.f)=x(f,e)=1, K(x,y)=—x(y,x)=2
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Finite osp(1]2)

0sp(112) = span{e,x, h,y,f} O span{e,h.f} = s1(2)
Commutation relations:

{x.x}=2e, {yyt=-2f, {xy}=nh

Normalised inner product

kK(h,h) =2, «x(e.f)=x(f,e)=1, K(x,y)=—x(y,x)=2

osp(1|2) simple root o <+ x
s[(2) simple root 2o <> ¢
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Simple sl(2) and osp(1]2) weight modules

Cartan subalgebra centraliser: Com(h,sl(2)) = C[h, Q], where
Q= 3h*+ef +fe

Theorem [Mazorchuk]

Every simple s[(2) weight module is isomorphic to one of the following:
® 7, A € Z>¢: Finite-dimensional module of highest weight 1 a.

° %Jr, A € C\ Z>o: Infinite-dimensional highest weight module of
weight 1 a.

® 7, , A€ C\Z<: Infinite-dimensional lowest weight module of
weight 1.

® brgg€C,AeC/2Z and g # SA(A +2) for all A € A: Dense
module, Q = ¢-id.
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Simple sl(2) and osp(1]2) weight modules

Cartan subalgebra centraliser: Com(h,osp(1|2)) = Clh,X], where
L=14xy—yx, Q°F = Ih> +ef +fe—gxy+syx =127 — 4

Theorem [Snadden-Ridout-SW]

Every simple osp(1]2) weight module is isomorphic to one of the
following (or their parity reversals):
® o/, A € Z>o: Finite-dimensional module of highest weight 1 .

o %, ", A €C\ Z=: Infinite-dimensional highest weight module of
weight 1o.

® %, ,AcC\Z<: Infinite-dimensional lowest weight module of
weight L a.

® Grss€C,A€C/2Z and A% # (s— 1)* for all A € A: Dense
module, ¥ = s-id.
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Affine osp(1/2)

NS algebra:

057%\1\2)1“ = span{/yy, em,fn : M E L} U{xm,ym : m € Z}U{K, Ly}

R algebra:

05p(112)g = span{iim, emfn = M € ZYU X,y : m € Z+ LY UK, Lo}

Decomposition: osm) =ndz;op
n: negative modes, p: positive modes, 3: zero modes
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Affine osp(1/2)

NS algebra:

UW)NS = span{/yy, em,fn : M E L} U{xm,ym : m € Z}U{K, Ly}

R algebra:

05p(112)g = span{iim, emfn = M € ZYU X,y : m € Z+ LY UK, Lo}

—

Decomposition: osp(1]2) =nd 3 p
n: negative modes, p: positive modes, 3: zero modes

Definition
Let #Z be the full subcategory of osp(1/2) —Mod whose objects M
satisfy:
© M is finitely generated.
® M is a weight module (Cartan acts semisimply).
® Action of p is locally nilpotent (for any m € M, U(p)m is
finite-dimensional).
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Induced modules

NS sector: M simple quotient of U(ow)NS) Qu(sap) M,
M simple osp(1]2) weight module and K = k- id.
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Induced modules
NS sector: M simple quotient of U(uW)Ns) Qu(sap) M,
M simple osp(1]2) weight module and K = k- id.

R sector: N simple quotient of U(om)R) ®u(zep) N
N simple s[(2) weight module and K = k - id.
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Induced modules

NS sector: M simple quotient of U(UW)NS) Quap) M,
M simple osp(1]2) weight module and K = k- id.

R sector: N simple quotient of U(osm)R) ®u(zep) N
N simple s[(2) weight module and K = k - id.

Universal osp(1]2) VOSA: V¥ (0sp(1]2)) = U(osm)l\,s) ®u(sep) Z0
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Induced modules
NS sector: M simple quotient of U(OW)NS) Qu(sap) M,
M simple osp(1]2) weight module and K = k- id.

R sector: N simple quotient of U(om)R) ®u(zep) N
N simple s[(2) weight module and K = k - id.

Universal osp(1]2) VOSA: V¥(osp(1]2)) = U(0sp(1]2)ys) @u(sen) T

Proposition [Kac-Gorelik]

Universal osp(1|2) VOSA is reducible if and only if k is critical or if there
existu,v€Z,u>2,v>1,u—ve27Z, ged{u, 5"} = 1 such that
2%k+3="4
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Induced modules

NS sector: M simple quotient of U(OW)NS) Qu(sap) M,
M simple osp(1]2) weight module and K = k- id.

R sector: N simple quotient of U(om)R) ®u(zep) N
N simple s[(2) weight module and K = k - id.

Universal osp(1]2) VOSA: V¥(osp(1]2)) = U(0sp(1]2)ys) @u(sen) T

Proposition [Kac-Gorelik]

Universal osp(1|2) VOSA is reducible if and only if k is critical or if there
existu,v€Z,u>2,v>1,u—ve27Z, ged{u, 5"} = 1 such that
2k+3 ="

Simple osp(1]2) VOSA: Li(0sp(1[2)).
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Induced modules

NS sector: M simple quotient of U(OW)NS) Qu(sap) M,
M simple osp(1]2) weight module and K = k- id.

R sector: N simple quotient of U(om)R) ®u(zep) N
N simple s[(2) weight module and K = k - id.

Universal osp(1]2) VOSA: V¥(osp(1]2)) = U(0sp(1]2)ys) @u(sen) T

Proposition [Kac-Gorelik]

Universal osp(1|2) VOSA is reducible if and only if k is critical or if there
existu,v€Z,u>2,v>1,u—ve27Z, ged{u, 5"} = 1 such that
2k+3 ="

Simple osp(1]2) VOSA: L(0sp(1]2)).
Today: fix k= —3, u=2,v=4.
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Simple osp(1|2) at level —32

Singular vector: y = (x_, —4y_je; +2h_1x_1)§27§

Weight 0 descendant: ¢ = yox = (h—»+2h* | +8f_je_1 +6y_jx_1) Qs
Theorem [Snadden-Ridout-SW], [Frenkel-Zhu], [Kac-Wang], [Dong-Li-Mason]
© Universal Zhu algebras:
Zhu [VE(osp(1]2))] = U(esp(1]2)), Zhu® [VE(osp(1]2))] = U(sl(2))
® Simple quotient Zhu algebras, k admissible:
Zhu L osp(12)] = “FHEL. - Zhu Luos(1[2)] = it
® Singular vector images at level k = —%:
[0]=Z(2=~1), [#]°=40+7F =4(0+3)
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Simple module classification

Theorem

Any simple Ls (0sp(1]2)) module in Z is isomorphic to one of the
following or its parity reversal:

NS sector: .4, %j%, By, Cnos A€ C/2Z\ [+1].

Rsector: 7%, 7%, 9, ;. 65 _15. A€ C/2Z\ [£3].
3 3 3 3 ?

Kac table:
0 |1 2 3
T | 7, |7,
p:s 2 Ps
D5 | %, | Y5
4 2 4
éaA’_% (gA’O gA,—%
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Algebra automorphisms

Conjugation c:

ch, = —h
ce, = _fn Cr}( _ Kn Cfn = —é€
CXp = —Yn cLo = Lo CYn = X

Spectral flow o:

¢
oth, =h, —205, 0K
ole, =en " Gglg _x n0 ofy =fora

0, _ 0y,
Gxn—-xnfé GZL0:L0—€h0+€2K Gyn—yn+é

(Simon Wood, Cardiff) Affine VOSAs 11/24



Algebra automorphisms

Conjugation c:

ch, = —h
ce, = _fn Cr}( _ Kn Cfn = —é€
CXp = —Yn cLo = Lo CYn = X

Spectral flow o:

¢
oth, =h, —206,0K
Gien =e,_ " o K" _x " ofy =fora

(.. __ 0y,
O ' Xp = Xp—y GZL():LO—Eho-f—fzK O " Yn = Yn+t

o', ¢ € Z+ 3, is an isomorphism of the NS and R algebras
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Algebra automorphisms

Conjugation c:

ch, = —h
ce, = _fn Cr}( _ Kn cfn = —é€
CXp = —Yn cLo = Lo CYn = X

Spectral flow o:

/
oth, =h, —206,0K
Gien = €2 " GZKn —K " Gefn :fn+2€

(.. __ 0y,
O ' Xp = Xp—y GZL():LO—Eho-f—fzK O " Yn = Yn+t

o', ¢ € Z+ 3, is an isomorphism of the NS and R algebras
Let o = ¢, and M a module, then oM = M and for m € M,

—

gam=a '(g)m, g € osp(1]2).
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Automorphism twist coincidences
Definition
Let .7 be the full subcategory of L_s (0sp(1]2)) —Mod generated by %,

its twists by ¢ and o', and (finite) extensions between different twists of
X.
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Automorphism twist coincidences
Definition
Let .7 be the full subcategory of L_s (0sp(1]2)) —Mod generated by %,
its twists by ¢ and o', and (finite) extensions between different twists of
R.
caty = o), c%’: =HB,, cC6L=%,
2 2
C.@Jrg = .@;, C.@+5 = _@g, & =8

Z Z 7 Z

1 1 _ _1 _ [
C A= DT,, o 2l =2D;, o BT, 2D,, o2 HB, =P
i 4 -2 4 2

_ 3
1
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Automorphism twist coincidences
Definition
Let .7 be the full subcategory of L_s (0sp(1]2)) —Mod generated by %,

its twists by ¢ and o', and (finite) extensions between different twists of
X.

cdy = oy, BT 2B, 6 =2C,
2 2
cot, = D5 , cPt = Ds, & =68,

7 Z 7 Z

1 1 _ _1 _ [
olAH=Z DY, o A=D;, o BT, =2D;, 0B, =2P"
i 4 -2 4 2 -

..
1
Theorem

Any simple module M in .7 is isomorphic to one of the following or its
parity reversal:

claty, o'Bt,, o'%B;, oG, o',
) 2

where (€ 1Z, A # 1 mod 1, u# +3 mod2.

(Simon Wood, Cardiff) Affine VOSAs 12/24



Verma module embeddings [iohara-koga]

(1,2) (2,6) (3,12) (4,20)
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Characters and supercharacters

il"—"[(1—zqz")(1+zq")(1+q)(1+f1 q)(1-z""¢*)

i=1 (I_ZZqi)(l_Z Q)
_ s sy Utzg®) (1 —2¢) (1 +¢) (1 -2 ') (1 +27'¢%)
chy L] =g IJ (1-2¢)(1-z724)

1

1 _1
lgl <1, gl <[z <lq| 2
} sy U= (4= (1 +2 g H( -2 g
Z

h [,%’Jr = prd _ .
Il RS Batd 711 (1_Z2qz)(1_rzqk1)
sy Ut (1 —2g) (1 - (1 =2 g" (I +27 1)
hy [#7] =y i igh ( |
L g (1-22¢)(1-z7%¢"")
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Characters and supercharacters

Sy oarp U=z +2g) (1 +4) (1 +27 1) (1 - g%)
ho [ =y~ 5”( ; j
holeb] = an L] (1=22¢)(1-z7¢)

s 2 (14262 (1—2¢) (1 +4) (1 -2 1g) (1 +21¢%)
h, [ =y 5||( - ;
chy LA =yta [ (1-2¢)(1-2724))

(12" D1 +2¢) (1 —g*) (1 +2" ¢~ )1 —z""g* )

wo[#,] =y itk ke
Cho - y *Z *q H (I_ZZqz)(l_Z72q171)

sy (42 (1 —2g) (1 - ¢*) (1 =z g (1 +27 ¢ )
hy [#,] =y T b ( 4 4
ch; %’7% Yy 4z 2q ,11 1-2¢)(1 -2 241

lgl <1, 1<z <|g|"

Remaining highest and lowest weight characters follow from automorphism
twists.
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Characters and supercharacters

The exact sequences
0—INAB, —C — B, —0
2 2 2

00— — & — 92, —0
1 1 1

00— — & — 92, —0
7 4 4

imply character formulae for €', & and &%.
2 4 4

(Simon Wood, Cardiff) Affine VOSAs
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Characters and supercharacters
Conjecture / soon to be Proposition

che [63] = y_%ZAAz@ Y ((-1)%2)",
\/i nez
che 6] = y_f” (A3<q> L (1)) + As(a) ZZ«—l)S“z)") ,

where the A;(¢)* are ratios of © and n functions.
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Characters and supercharacters
Conjecture / soon to be Proposition

che [63] = y_%ZlAm) Y ((-1)%2)",
\/i nez
che 6] = y_f” (A3<q> L (1)) + As(a) 22«—1)8*%)") ,

where the A;(¢)* are ratios of © and n functions.

The (super)characters of the 64, and ¢}, are linearly independent.
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Characters and supercharacters
Conjecture / soon to be Proposition

che [63] = y_%ZAAm) Y ((-1)%2)",
\/E nez
che 6] = y_;Z“ (A3<q> L (1)) + As(a) ZZ<<—1>8“1>”) ,

where the A;(¢)* are ratios of © and n functions.

The (super)characters of the ¢, and ¢‘&, are linearly independent.

We can identify elements of the Grothendieck group with pairs of
characters and supercharacters, that is, for M a module

[M] = (cho[M] ch, [M])

1
2
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Resolving non-dense simples
Repeated splicing of
0—N%B" — ¢ — B, —0
2 2 2
0— 2" — & — 2, —0
1 ! 1

0— 92 — & — 927 —0
1 i 1

yields:
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Resolving non-dense simples
Repeated splicing of

0—MNBY, — € — B, —0
2 2 2

1 _1
0—o02ey— & — o 287, —0
4 -2
1 _ _1
0—o02%B, —E — 0 24— 0
2 4

yields:
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Resolving non-dense simples
Repeated splicing of

0—MNBY, — € — B, —0
2 2 2

0 o2ely—E — 0 1B, —0
4 -2
0—062B, — & —06 2l — 0
2 4
yields:

Proposition

(] = i ([G4n+1/2 6?;4} _ |:G4n+1(€1—;2} + |:H64n+3/2 (%74]
n=0

_ [H G*t3/2 5574} 4 [H64n+3<514;2} _ [ o*+1/2 @@374]> :
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Resolving non-dense simples
Repeated splicing of

0—MNBY, — € — B, —0
2 2 2

0 o2ely—E — 0 1B, —0
4 -2
0—062B, — & —06 2l — 0
2 4
yields:

Proposition

[ %1_/2} _ io <[G4n<gl+/2] _ [H64n+1/z (5,374} - [H64n+3/2 5574]

_ [H G4n+2<g172} + [ G4nts/2 @@374] _ [0.4n+7/2 (5574}) 7
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Resolving non-dense simples
Repeated splicing of

0—MNBY, — € — B, —0
2 2 2

0 o2ely—E — 0 1B, —0
4 -2
0—062B, — & —06 2l — 0
2 4
yields:
Proposition
~ 4n+1/2 4n+3/2 4n+2

] - £ (o] [ e

_ [H GHtS5/2 @@374} 4 [H0.4n+7/2 5574} _ {HGMH%J?D _
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Modular transformations

Proposition
For¢elZand A €R, let

KT(A) = e2mt(kH),
Then,
T{ch,s [c%} } — 6B KT (1) chesy [a%]

T{che |0'6| } = e HKT (A)chy .y [0'6 ]
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Modular transformations

Proposition
For¢,¢' € }Z and 2,1 € R, let

Zf’(}t A/ ) —2ni(2k€£'+€’l+£l’).
Then
1 /
s{ehe [o'63 ) } = 5 L[, KA ehy (0" 8] ar
U'el+e
s{che [o'81 ]} = 5 L) KA )en,, (0”6 |an’
veltet}
1 S
+54/GZ+E/R/22K“' (1,2 chy, ; [0 8] 2’
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S matrices

Recall: K7, (2,A") =e

, -
5878/ |:6£(g)’ — Ge (gkl
S£7€’ {Gé%l — 6 gﬂl

Sg7g’ [Ggéﬁ — O ngl-

—27i(2k00 +0 A+CA")
)

0,
1
V2
1
V2

K} (A A ) el e,

K}y (A A ) y—gr Lz,

1 1
Se £ |:G (52,1 — G g;v 2 ZZ’(A A )1@ ely—g,
Thus,
s=s, sst=1, §*=cC.
(Simon Wood, Cardiff) Affine VOSAs
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Induction from bosonic Verlinde formulae

Assumptions: VOSA V with even subVOA O
© Vis an order 2 simple current extension of O.
® V admits a set of even parity standard modules . = U 5”%.
® The fusion rules of V and O are compatible.
@ Fusion for V and O is exact.

@® The standard module formalism applies to O, that is, the
Grothendieck fusion of O is given by

ch [W] R ch [X] = /yo [WYX} ch[]dY,

where
dz

[WYX} _ /yo s[X — Z]SS[E/Z:?]S[Y —Z]"
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Induction from bosonic Verlinde formulae

Under the previous assumptions we have

Theorem
Let M, N be V modules and let &, &’ be 0 or § depending on whether M
and N are NS or R modules. Then,

che [M]Rche [N] = / [ P Lchg[P]dP,

Fyag LM N
where
M Sy S 1V — 0l :
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osp(1/|2) Verlinde formula

Assuming Lf%(osp(l |2)) satisfies all the previous assumptions:

Proposition

Let M,N be L_s (osp(1]2)) modules and let m,n € 17, then

[[IM] X [N] =TT ([M] X [N])
[cM] X [eN] = ¢ ([M]K[N])
[6" MR [6"N] = 0" " ((M] X [N])
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osp(1/|2) Verlinde formula

Assuming L_s (0sp(1|2)) satisfies all the previous assumptions:

Proposition

2

2| w| 27| = [0z | + |otey]

7)) =tos+ )

[@j%} X6 = [Géngkf%] + [no%(g’kﬂ%} + [%7%} ,

(77| R = [o* ] + [6]

Affine VOSAs
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osp(1/|2) Verlinde formula

Assuming L_s (0sp(1|2)) satisfies all the previous assumptions:
Proposition
(GIR ] = Moy 1| + [02Grus] +2[G114]
+ [G_%éa/uwrk} + [HG_%Cg’AerkH] ;
[62]® [6u] = [G%Cg/lw—k} + [Grgp] + (M p1] + [0'_%%&;&4 )

€18 (8] = [0 6] + (el + [0 1]
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Thank you!

(Simon Wood, Cardiff) Affine VOSAs



	Finite osp(1|2)
	Affine osp(1|2)
	Modular properties and Verlinde formulae

