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Outline

> Review of vertex operator algebras

» Virasoro minimal models

» Symmetric polynomials

» Classifying simple minimal model modules
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Motivation

Bottom up approach to constructing conformal field theories:
» Pick a vertex operator algebra
» Classify modules in a suitable category
» Compute characters and their modular properties
» Find modular invariants
» Compute fusion products of modules
» Compute correlation functions
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Definition: Vertex operator algebra

A VOA (v.|0),T,Y) is a collection of data:
> Ny-graded vector space V = P, V[n]
» vacuum vector |0) € V[0]

» conformal vector T € V2]
> linear map (called field map)

YV — End(V)[[z.z7]],
A Y(A;2),

Y(Ai2) =) A", A€ VIhy
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Definition: Vertex operator algebra
The VOA data satisfy the axioms:

» Compatibility with grading: For A € V]h4], A, : Vim] — V[m — n]

» Vacuum and conformal vectors: Y(|0);z) = 1,
Y(Ti2) = T(2) = X, Lz "2

(L, Ln] = (m — 1)Ly + 5m(m* — 1)8in0

» V[n] is eigenspace of L, with eigenvalue n.
L_ is the translation operator
[L-1,Y(A;2)] = Y(L1A;2) = O:Y(A;2)

> Locality: IN € Ny such that

(z—w)N[Y(4;2), Y(B;w)] = 0in End(V)[[z,z~ 1, w, w™!]]
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Definition: Vertex operator algebra

Prop
ForA,B,C eV

Y(A;2)Y(B;w)C € V((2))((w)

) element of
Y(B;w)Y(A;2)C € V((w))((2)) } Vi wlll™! w2 —w)~']
Y(Y(A;z—w)B;w)C € V((w))((z—w)) expanded in 3 domains

We identify
Y(A;2)Y(Byw) ~ Y(Y(A;z—w)B;w) ~ Y(B;w)Y(A; 2)

and call it the operator product expansion (OPE) of Y(A;z) and Y(B; w).
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Example: The universal Virasoro VOA Vir,

> Vir. = U(D,>, CL-,)|0), central charge ¢ € C,
L,|0) =0,n > —1

» vacuum |0), conformal vector T = L_,|0)

> Y(L2|0);2) = T(2),

> V(Lon2- e Lon2l0)52) = (517() -+ (5T())
» Operator product expansion:

c/2 n 2T (w) +8T(w)
(z—w)2  z—w
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Example: The Heisenberg VOA
Heisenberg Lie algebra: h = @, ., Ca, ® C1, |ay,a,) = mdyin0l
Heisenberg VOA:

> H=U(D,> Ca)|0) =Cla_1,a—,...][0), an[0)=0,n>0

» vacuum: |0)

» conformal vector: T = J(a® | + Ba_)|0), c = 1 — 3

> Y(a_1]0);2) = a(z) = X, aa ",

Y(a—p—1--a—n—100);2) =: (‘?:lla(z)) (%a(z)) :

» Operator product expansion:

Prop
Vire = H, T(z) = % : a(2)? : +£0a(z),

where ¢ = 1 — 332, defines an embedding of VOAs. This embedding is

called a free field realisation.
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Definition: VOA modules

» C-graded vector space W = @, . W[h], W[h] generalised L
eigenspace, eigenvalue h.

> Yy :V — End(W)[[z,z"']] such thatforA,Bc Vand C € W
Yw(A; 2)Yw(B;w)C € W((2))((w)) } element of
)
—w))

Yw(B;w)Yw(A;2)C € W((w))((2) Wz, wlllz=" w™' (2 = w) 7]
Yw(Y(A;z—w)B;w)C € W((w))((z expanded in 3 domains
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VOA module examples

> Visa V-module.

» A proper subspace I C V that is a V-module is an ideal of V:
Y(V;2)I C1((z), Y(I;z2)V C I(()). If|0), T ¢ I, then V/I is a VOA.

» For Vir, Virasoro Verma modules V;, = U(D,>; CL-,)|h),
Lo|h) = h|h), L,|h) =0,n > 1.

> For 74, Heisenberg Verma modules F = U(&D,~; Ca_,)|\),
apl\) = A\, an|A) =0,n > 1.
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Ideals of the universal Virasoro VOA

Prop
The universal Virasoro VOA Vir. has a proper non-trivial ideal if and
only if
_ )2
c:1_6<quQ)a p»QZZ: ng{P»‘I}:1~

This ideal I is unique and is generated by a singular vector of
conformal weight (p — 1)(g — 1).

» The simple quotient M(p, q) = Vir./I is called the minimal model
VOA.

» A Vir.-module W is a M(p, ¢)-module if and only if I acts trivially:
Y(A;2)W =0, VA € I

» Today’s goal: Classify M(p, ¢)-modules from Vir.-module theory.
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Example: Yang-Lee model

> central charge ¢ = =32 Virasoro VOA (p = 2,¢ = 5)
» maximal proper ideal generated by a singular vector x
X = (L2 — 3L-4)|0)
Y(x;2) =:T(2)*: — *32 =D Xzt

nez

» Evaluate x( on a candidate Virasoro highest weight vector |h).

0= xolh) = (L§ + iLo)|h) = h(h + 3)|h)
» Conformal weight can only be 0 or %1
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Classifying minimal model modules

» Previous example was not a fluke. Up to some “technicalities”
(codified in Zhu’s algebra), VOA module theory is completely
characterised by the action of zero modes on highest weight
vectors.

» Previous example depended heavily on explicit form of the
singular vector. Singular vectors are very hard to find in general.
No general closed formulae are known.

» Goal for the rest of the talk: Find a better way to evaluate zero
modes of singular vectors on candidate highest weight vectors.
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Classifying minimal model modules

» Previous example was not a fluke. Up to some “technicalities”
(codified in Zhu’s algebra), VOA module theory is completely
characterised by the action of zero modes on highest weight
vectors.

» Previous example depended heavily on explicit form of the
singular vector. Singular vectors are very hard to find in general.
No general closed formulae are known.

» Goal for the rest of the talk: Find a better way to evaluate zero
modes of singular vectors on candidate highest weight vectors.

Zhu’s algebra:

» Zhu's algebra is the associative algebra of zero modes acting on
vectors in modules which are annihilated by positive modes.

» Constructible as a vector space quotient of V.
Zhu(V/I) = Zhu(V)/Zhu(I).

» Simple V-modules L simple Zhu-modules.
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Singular vectors in the free field realisation

The Heisenberg VOA H is special, because one can define a field map
for vectors in modules, not just vectors in the VOA.

Define
> new operator a: [a,,a] = 6,0,
> M) = A+ ).
Vertex operator (not to be confused with a field in a VOA)
> Y(I\);2) = Valz ) = MO, exp (AS22") [Tz exp (—A%2z7™)
> T(w)Va(z) = (W Z) >Va(2) + W—_Z(?VA( z) + reg
> Va(2)V,(w) = (z—w)N : Va(2) V(W) :
> Va(2) : Fy — Fayullz, 27 M
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Singular vectors in the free field realisation

Screening operator:
» If hy, = 1 then the field S(z) = V\(z) is called a screening field.

S(z
T(w)S(z) = 17 S(2) + 1 05(2) + reg = azw(_)z ¥ reg

» Zero mode Sy = Res.— [S(z)] is called a screening operator and
defines a Virasoro homomorphism:
[T(w), So] = Resz=, [T(w)S(2)] = 0
» However, the map Sy : F,, — F,, is only well defined if Ay € Z.
» If A\ € Z and So|p) # 0 then So|p) is a singular vector in F, 4y

(Simon Wood, ANU) Minimal model classification 13/24



The singular vector at minimal model central charges

Letp,q > 2, ged{p,q} = 1 and

2 2 —q)?
oy = —q, o = — —p, B =o4+a_, c:1—352:1—6u.
p q pq

There are two screening fields

§+(2) =Va,(2), S-(2) =Va_(2).

The singular vector that generates the ideal of Vir, C H by which one
must quotient to get the minimal model VOA:

x =S = pray) o ST (1 = g)a ) € Vi C H.

The constraints on the minimal model conformal weights are obtained
by evaluating the action of the zero mode of .
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Composing screening operators

To construct the singular vector of Vir, C H, we must consider higher
powers of the screening operator.

S (@) Selar) = @ Ty a —5) 2 Ty 7

H exp <a+a;1”’ Zzi") exp (—a+¢;’1n Zzim>
i i

m>1

Prop

If and only if 4 = 5"y — 2a k € Z, there exists a unique choice of a
cycle I" such that

S = [ Si(z) - St@)dar - dz:Fir & —Fier &

a0 2 T 0-
is a non-trivial Virasoro homomorphlsm.

> if k> 0then S| 2o, — ko ) = 0.
> if k < 0then SU1| 2o, — ko) #£0.
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Appearance of symmetric polynomials

Action of S[j on F1 ko
a+ 50—
S[r _ raJra/H +/2 HZkJrl
i#j

This integral defines a well known inner product on the ring of

symmetric polynomials Clzy, ...,z
o= [ TI0 =20 a2 e
i#]

This inner product is symmetric and it vanishes if deg(f) # deg(g).
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Symmetric polynomials

One can consider symmetric polynomials in either a finite or infinite

number of variables:
> A, =Clz,- - 7Zr]6r
> A= 1&5 A,

Numerous well known generators:
» Power sums

pi(z) =) %

» Elementary symmetric polynomials

ek(Z) == Z iy iy

1<i) <<y

A =Clp1,...,p/] =Cley, ..., e

[X - (:D91a1927' "] — (:[ela €, "]
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Symmetric polynomials
Numerous well known bases. Many indexed by partitions
A=A, A,

» Power sum basis: py = py,pa, -

» Elementary symmetric basis: ey = ey ey, - -

» Monomial symmetric polynomials:

A A
_ E (1) No(2)
Z) — Zl Zz Tty
a

where the o are all distinct permutations of A = [A1, Az, ... ].
2.2

22
mpoy(z1,22) = 212, mpp)(21,22,23) = 4% + 215 + 03 -

@ Cpy = @ Cey = @ Cm,y,

A <r A <r AN <r

A=EPCpy=EPCer=EPCm,
A A A
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Jack symmetric polynomials

Jack symmetric polynomials P (z) are uniquely characterised by
1. Upper triangular: P\ (z) = mx(z) + >, -y co(t)my(2)
2. Orthogonal: (P\,P,). =0, if A # v.

Well studied with many known expansions:
> (P} (2), P4 (2)), = ax(0)
> TLy(1 = 9i) ™" = [y xp (120222) = 53, b, (1)PL ()P (2)
> L +2)% = 3, da(X, )Py(2)

where a) (1), bx(1), c, A (1), dx(X, 1) are rational functions in . Explicit
formulae known.
Examples:

> P!
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Determining conformal weights from the zero mode

We want to evaluate the zero mode of the singular vector

SPY(1 = pay) = /F&(zl) Sz )|(1 = p)ag)dzr - -dzyy .

The corresponding field is
STV, ()

= /S+(Zl +w) S (zp—1 +W)V(i_pyay (W)dzr -+ - dzp—1 .
r

The easiest way to evaluate such a zero mode is to evaluate matrix
elements

TSPV s W)

where 7 € C and (7|a_, = 0,n > 1.
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Determining conformal weights from the zero mode

1] % o e
(IS5 Vi-pyay W)IT) = <P[(§—1)pw(z)7 (1 +$)a+7>

i=1 p—1

There are known formulae for expanding
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Determining conformal weights from the zero mode

(TIS2 IV s WIT) o g1 np-1y(@s ) oc [J (e — hrs)

where 1 <r<p-1,1<s<g-1,(rs)~(p—r,q—s)and

hy = (7__5) h (qs_pr)Z_(p_q)Z.

4pq

rys

NS

Prop
The roots of the polynomial

f(hT) = H(hT - hr,s)

classify the highest weights of the minimal models.
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Applicability of these free field methods

> We saw today that symmetric polynomials can be used to “quite
easily” classify the simple modules of the minimal models.

» Essentially the same method also works for free field realisations
of affine sl,.

» Also appears to work for N = 1 Virasoro minimal models and
osp(1]2) (work in progress).

» This method was a crucial tool in the classification of the simple
modules of certain logarithmic extensions of the minimal models.
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The End

Thank you for coming!
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