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Affine vertex operator algebras

Let g be a simple Lie algebra with affinisation g = g C[t, '] & CK.
Then, for k # —h",

Vi(g )_Indg®C[]eeCK s K‘C =k-id, g®(C[tHCk:0,

is a universal affine vertex operator algebra.

For certain levels k, there exist proper ideals.

Vi(g)

Li(g) = (max ideal)’

Idea and goal
Determine module theory of L (g) from that of Vi(g).
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Example g =sl(2) = span{E,H,F}

For g =sl(2), there exists a (unique) proper ideal I if and only if

k—|—2:z, u>2,v>1, ged(u,v) =1,

Li(si2) = )

Such levels are called admissible. The ideal is generated by a singular
vector y of sl(2)-weight 2(uz — 1) and conformal weight (u— 1)v.

Integral levels
Forv=1,
X =(E-1)" uma.
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The Zhu algebra
Moral “definition”: Zhu algebra of vertex operator algebra V
A(V) ~ {0-modes of V acting on vectors annihilated by pos. modes.}

There is a 1-1 correspondence between simple N-gradable modules
over a vertex operator algebra V and simple modules over the Zhu
algebra A(V).

A(V)-module M

Top grade /ooooooo

V-module M

N-grading
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Classification strategy
Let m:V — A(V).

Theorem [Frenkel, Zhu]
@ For Vi(g), Zhu's algebra is A(Vi(g)) ~ U(g).

@ For any ideal I C Vi(g), the image = (1) is an ideal of A(Vi(g)) and

Vi A(V,
a () -

@ For x € Vi(g) singular, such that (x) =1 = (n(x)) = =n(I).

Classifying N-gradable weight L (g)-modules
@ A Vi(g)-module M is an L;(g )—module 1 annihilates M.
@ Simple N-gradable L;(g)-modules &L S|mple we|ght
modules.

@ U(g)-weight modules = %-weight modules = N-gradable
L (g)-modules.
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Example g =sl(2) = span{E,H,F}

Theorem [Gabriel]
Any simple s[(2) weight module with finite-dimensional weight spaces
is isomorphic to one of the following:
@ Finite-dimensional modules .%), A € Z>(. Highest and lowest
weight. Weights: A,A —2,...,2—4,-A
@ Infinite-dimensional highest weight modules 75, A € C\ Z>.
Weights: A, —2,4 —4,...
@ Infinite-dimensional lowest weight modules .%;, A € C\ Z<y.
Weights: ..., A +4,A+2,4
@ Infinite-dimensional weight modules #; .4, A,A € C and
2A# u(u+2) forany u € A +27, where A is the eigenvalue of the
quadratic Casimir and #.4 = #) 2.a- Neither highest nor lowest
weight.
Weights: ...,2+A,A, A —2,...
All weight spaces are 1-dimensional.
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Example g =sl(2) = span{E,H,F}

@ For k € Z>, the ideal of Vi(sl(2)) is generated by the singular
vector y = (E_)**'1,.
@ In A(Vi(sl(2))) ~ U(sl(2)), we have ((E_;)**'1;) = EFL.

@ The generator E is nilpotent in A (<(1‘~:/'i(153[k(+21)3,(>) ~ ngfﬁ;)

@ The simple N-gradable L,(s[(2))-modules are those with top grade
F, A=0,... k.

Upshot
Easy if the singular vector is easy, very hard if not.
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General admissible levels

Let

2 2 2
r—1 =

k+2:g, lr‘g:r—l—sg, A= —|———u2—rsz.
% ’ % ’ 2 2 v %

Theorem [Adamovi¢, Milas] [Ridout, SW]

Any simple N-gradable L (sl(2))-module is isomorphic to one of the
following:

@ The simple quotients induced from the finite-dimensional modules
Z_1,where 1l <r<u-—1.

@ The simple quotients induced from the infinite-dimensional highest
weight modules 77, , where 1 <r<wu—1land1<s<v-—1.

@ The simple quotients induced from the infinite-dimensional lowest
weight modules . ; ,where 1 <r<u—landl1<s<v-—1.

@ The simple quotients induced from the infinite-dimensional weight
modules #j.a,,, Where 1 <r<u—land1<s<v-1,
20, s #Fpu(u+2) forallp € A +2Z and #j.a,, = Wia

u—ry—s"

(Simon Wood, ANU) Sym polys and admissible levels Lie algebras and VOAs 8/13



Proof idea: Wakimoto free field realisation

Vi(sl(2)) is a vertex operator subalgebra of
{rank 1 Heisenberg} ® { By-ghosts}.

a)aw) ~ sz B ~ s BB ~ 0~ HT(w).

z—w’

H(z) =2:B(2)v(2) : +V2k+4a(z),
F(z) =: B(2)y(2)7(2) : + V2k+4:a(2)y(z) : +kIY(2).

Screening operator

S(2) = Bl)exp (— Hizm) L 29 =ale)
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Proof idea: Wakimoto free field realisation

The singular vector of V%_z(sl(Z)), in the free field realisation, can be
realised by the screening operator.

= 2 a- dzy---dz,_
< T () e e (3 ”p’"(z) g S
1<i£j<u—1 Zji/) =1 m>1 u m

where
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Proof idea: Wakimoto free field realisation

The singular vector of Vu_,(sl(2)), in the free field realisation, can be
realised by the screening operator.

st=tg) = /S 21) -+ S(zu-1) |g) dz

—/ﬁm B(zu-1)

i — 2v pm( ) —m le"'dZu_l
X 1* . S e -y l9) ,

Inner prod. of
Jack symm. poly.
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Proof idea: Wakimoto free field realisation

The singular vector of Vu_,(sl(2)), in the free field realisation, can be
realised by the screening operator.

st=tg) = /S 21) -+ S(zu-1) |g) dz

—/ﬁzl B(zu-1)

Tu—1
i\ e [2v Pm(z)a— dzy---dz,_
X I_I <l—ﬁ) Hziv lHeXp _ _pm() m |q> 1 u 17
1<i#j<u—1 Zj — m>1 u m 21 2yt
—_———

Jack poly.
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Proof idea: Wakimoto free field realisation

The singular vector of Vu_,(sl(2)), in the free field realisation, can be
realised by the screening operator.

STl gy = / S(z1) - S(zu-1) q) dz

—/ﬁm B(zu-1)

. % u—1 2V pm< ) le e dZufl
X 1— —’) vl exp | — / |q> ,
1§i7¥u—1< g H ngl m 21 Zu—1

easy expansion in Jack poly.
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Proof idea: The generator of the ideal
Choose a generator of sl(2)-weight 0.

X = Fgfls[ufl] |q> — const- S[ufl]'ygfl ’q>

Compute eigenvalue of zero-mode y, on a general top grade vector to
determine image in A(V:_»(s1(2))).

xolp, Ty =f(p,7)|p,T), p = Heisenberg weight, 7 = y-weight.
Theorem [Ridout, SW]

@ The polynomial f(p, 7), in free field data, is also a polynomial in
s[(2)-data.

o f(;L7A):gu(l7A)H(A_Ar,S)7
g2 = S (R 8) -

gi(A,A) =1, g(A,A)=A.
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Proof idea: The generator of the ideal
Choose a generator of sl(2)-weight 0.

X = Fgfls[ufl] |q> — const- S[ufl]'ygfl ’q>

Compute eigenvalue of zero-mode y, on a general top grade vector to
determine image in A(V:_»(s1(2))).

xolp, Ty =f(p,7)|p,T), p = Heisenberg weight, 7 = y-weight.
Theorem [Ridout, SW]

@ The polynomial f(p, 7), in free field data, is also a polynomial in
s[(2)-data.

o F(A,A) = gu(4,4) H(A_Ar,s)a = 0=f(H,Q) € A(Lk(s1(2))),
e s

g1(A,A) =1, g(A,A)=21.

gu+2(}L7A) =
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Proof idea: The generator of the ideal
Choose a generator of sl(2)-weight 0.

X = Fgfls[ufl] |q> — const- S[ufl]'ygfl ’q>

Compute eigenvalue of zero-mode y, on a general top grade vector to
determine image in A(V:_»(s1(2))).

xolp, Ty =f(p,7)|p,T), p = Heisenberg weight, 7 = y-weight.
Theorem [Ridout, SW]

@ The polynomial f(p, 7), in free field data, is also a polynomial in
s[(2)-data.

o f,8) = gu(AA)[T(A-Ary), = 0=F(H,Q) € A(Li(s1(2))),

r,s

AL (sl(2)))= 55
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Outlook

Computing the Zhu algebra becomes almost algorithmic when using
free fields and symmetric polynomials. Successfully applied to:
@ Virasoro minimal models

@ sl[(2) minimal models
@ W, ,-triplet models
Work in progress:
@ N =1 Virasoro minimal models
@ o0sp(1]2) minimal models
Future plans:
@ higher rank affine Kac-Moody superalgebras
@ higher rank W-algebras
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The End
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