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The Virasoro algebra

Central extension of the Lie algebra of infinitesimal conformal
transformations.

The Virasoro algebra
@ Generators and the Lie bracket:

L = @(CL,,EB(CC

nez
[Lin, L] = (m —n)Lyn+ lc—zm(m2 —1)0m,—n,

where ¢ € C is central.
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The Virasoro algebra
Central extension of the Lie algebra of infinitesimal conformal
transformations.
The Virasoro algebra
@ Generators and the Lie bracket:

L = EB(CLH@(CC

ne
[Lin,Ly) = (m —n)Lyysn + Sm(m* — 1), _,

where ¢ € C is central.
@ Triangular decomposition:

Ly = @CLin, 2 =CLy®Cc,

n>1

Loo =2, ©%.
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The Virasoro algebra

The Virasoro algebra
@ Triangular decomposition:

Ly = @(CLin, 2% =CLy®Cc,

n>1

Loo =2, 0 %.
@ Verma modules M(h),h € C:

M(h) = U(ZL) ®u(z.q) Cun,

Loup = hup, Lyup,=0,n2>1,

M(h)y=E@CL_» L_;,---up, A < partitions of integers
Py

These Verma modules are irreducible for generic 4 and reducible only
if h and ¢ satisfy certain polynomial relations [Kac].
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Reducible Verma modules

M(h) reducible
There exists a singular vector y € M(h) such that

L,xy=0, n>1,
Lox=HWy, HW—heN.
x generates a sub-Verma module M(#’) in M(h).

@ Singular vectors of crucial importance to conformal field theory.

@ Explicit formulae for #’ in terms of 4 and ¢ known [Kac, Feigin,
Fuchs]

@ No general formulae known for x
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The Heisenberg algebra

The Virasoro algebra can be realised as a subalgebra of the universal
enveloping algebras of other simpler Lie algebras.

@ The Heisenberg algebra:
gi(1) =P Ca,@Cl,
neZ

[Am, an] = MOy, 1

where 1 is central and identified with the unit of U(ﬁ[(l)).
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The Heisenberg algebra

The Virasoro algebra can be realised as a subalgebra of the universal
enveloping algebras of other simpler Lie algebras.

@ The Heisenberg algebra:

gl(1) = PCa, & Cl,

nez

[@m, an] = MOy, 1

where 1 is central and identified with the unit of U(gl(1)).
@ Triangular decomposition:

gl(1)x =PCas,  gl(1)o=Cay&Cl,

n>1

gl(1)>0 = gl(1)+ @ gl(1)o.
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The Heisenberg algebra

@ Triangular decomposition:

e =@Cass,  gl(1)o=Cap@®Cl,

n>1
al(1)z0 = gi(1)+ ®gl(1)o.
@ Verma modules F(u),u € C (also called Fock spaces):
F(p) = U(8K(1)) @11, CIHY,

aolu) = mlp), anlp) = O,n > 1,
1) =EPCa_ya_y,---|u), A € partitions of integers
Py

= (C[a_l,a_z,. ]

Fock spaces are simple for all values of u € C.
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Finding the Virasoro algebra in the Heisenberg algebra

Formulae for Virasoro generators, o € C

o
Zaman -m= (n+1)a,, n#0
meZ
1
L0:§a0 apg— O Z a_mQp, c=1-3a’
m>1
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Finding the Virasoro algebra in the Heisenberg algebra

Formulae for Virasoro generators, o € C

o
Zaman m= (n+1)a,, n#0
meZ
1
Loziao apg— O Z a_mQp, c=1-3a’
m>1

Fock spaces also Virasoro modules

Lylju)=0, n>1
HH—a
Lolp) = hy|u),  hy= %
Fock spaces are reducible over the Virasoro algebra whenever the
Verma module M(h,) is reducible.
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Virasoro singular vectors in Fock spaces

Singular vectors
A vector y € F(u) is singular if

L,y=0, n>1,
Lox=Hy, h—h,eN.

@ Unlike Virasoro Verma modules, reducible Fock spaces need not
contain singular vectors.

@ When they do, elegant formulae can be derived because the
Heisenberg algebra is so simple.

@ This turns out to be sufficient for conformal field theory purposes.
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How to find singular vector formulae

@ If there exists a Virasoro homomorphism ¢ : F(u) — F(v) so that
x =¢(|u)) #0, then x is a singular vector in F(v)
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How to find singular vector formulae

@ If there exists a Virasoro homomorphism ¢ : F(u) — F(v) so that
x =¢(|u)) #0, then x is a singular vector in F(v)

@ Such homomorphisms are given by screening operators
[Dotsenko, Fateev]: For all P € Cla_j,a_»,...]

m>1

71 e
X Hexp( Pn (2 )am> P|v>d2“ dzr’

m>1 “Zr

where k,A € C depend on «; s € Z; u,v depend on r,s and «; and
the p,, are power sums

=Y, pue) =)™
=1
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How to find singular vector formulae

@ The images of the screening operators are therefore vectors of the
form

LTI -7 et B

I<i#j<r Ly

olv)

for some symmetric polynomials f, g and for some
Qc (C[a_l,a_g,...].
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How to find singular vector formulae

@ The images of the screening operators are therefore vectors of the

form
dzp ---dz,

Zl...zr

LI =96 gta) olv)
Cl<idi<r

for some symmetric polynomials f, g and for some
Qe (C[afl,afz,...].

@ These integrals can be evaluated explicitly, because they define a
known inner product (f,g)* on the ring of symmetric polynomials.

rar= [ T1 (0-2"7 a0 5

1<itj<r 21 Zr
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:
> Af = (C[Zh'" 7Zr]6r
» A= r&nr/\,
A, can be obtained from A or A,.,7 > r by setting z; =0 for i > r.
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:

> Ar=Cla,+,2]%
> A=lim A,
A, can be obtained from A or A, > r by setting z; = 0 fori > r.
@ Both A and A, are naturally graded by the degree of polynomials

A=EPAr,  A=EPAan

m>0 m>0
Dimensions are

dimA™ = #{partitions of m}
dim A" = #{partitions of m of length at most r}.

Thus dimA™ = dim A" if r > m.
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Symmetric polynomials

The rings A,, A admit many bases and generators:

@ The power sums p,, = Y; /" generate the ring of symmetric
polynomials:

Ar:(c[pla"’7pr]7
A=C[p1,p27--'].
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Symmetric polynomials

The rings A,, A admit many bases and generators:

@ The power sums p,, = Y; /" generate the ring of symmetric
polynomials:

Ar:C[pla"’Jpr]7
A=C[p17p27---].

@ The elementary symmetric polynomials

m = Z ZiyZ
1<) <<y

m

are also generators:

A [elv r]
A_(C[el,ez,---].
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Symmetric polynomials

The symmetric monomials form a basis of A, and A.
Mo
WD IEANEARNEES
(o)

where o runs over all distinct permutations of A. For example
® mp y(z1,22) = 2122+ 2123
— 2 2 2 2 2 2
@ mMp (21712713) =122+ 2125 + 2123 T 2123 T 3323 + 2223
® My (z1,-,2z) =111 2
@ if{((A)>r,thenm, =0in A,
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Jack symmetric polynomials

Jack symmetric polynomials P} are characterised by two properties:

@ They are upper triangular in symmetric monomials with respect to
the dominance ordering of partitions:

Pi=Y wa(o)my, wpa(x)=1,
u<i

where u < A if |u| = |A| and

] M:

e L

@ Jack polynomials are mutually orthogonal with respect to the inner
product ( , )X:
(PLPIF=0 ifA#u.
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Jack symmetric polynomials

The dominance ordering of partitions is only partial, not total.
Constructing the Jack polynomials by Gram-Schmidt orthogonalisation
is therefore overdetermined. Yet it works (with a few restrictions on x).
Important properties of Jack polynomials:

@ The “norm square” (P, P¥)F is given by known combinatorial
formulae.

@ Jack polynomials satisfy the identity

[T (1 =)™ = [Tewp (32252 ) = Y ba(kPEOIPE (),

ij>1 m>1

where the b, (x) are given by known combinatorial formulae.
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Jack symmetric polynomials

Important properties of Jack polynomials:

@ The “norm square” (P, P¥)F is given by known combinatorial
formulae.

@ Jack polynomials satisfy the identity

[T (1 =)™ = [Tewp (22322 ) = Yea(kPEO)PE(),

ij>1 m>1

where the b, (k) are given by known combinatorial formulae.
@ In A,
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The strategy for finding singular vector formulae

@ The Heisenberg generators a_,,n > 1 commute. Thus,
U(gl(1)-) =Cla-1,a—z,...].
@ Power sums generate A. Thus, A =Clpy,p2,...].

@ The secret to finding singular vector formulae lies in identifying
these two polynomial algebras appropriately.
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@ Recall the screening operators from before:

)

pm(z_) dz;---dz,
[Texe | -A—2a, | Plv)——=,
X exp( A a > \%) P

m>1 Zr

P|/.L>'—>/ [T a-% I/KHZ Hexp(
Clgi¢j<r

m>1

@ Letp: A — U(gl(1)_) be the ring homomorphism characterised by
p(Pm(y)) =Aka_n. Then,

(Eexp(w pe )) [Tew (2% )

m>1
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]
Combining what we have learned, we can compute the image of |u) in
F(v)

)
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

n(2)
wy= [ TI ( 1/"Hz‘SHe )

¢ 1gi7éj<r m31
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

n(2)
wy= [ TI ( 1/"Hz‘SHe )

¢ 1§i#j<r m31

K

(et

r
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

n(2)
wy= [ TI ( 1/"Hz‘SHe )

¢ 1§i#j<r m31

K

<Hz,,p<mr>11exp(”""()"'"()))> v)

r
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

o [T 3T [ e
C1<l7éj<r m>1 "
K

= <i_12?,p (mEIIexp (%M)» v)
=L

r

<IL[Z5,P§(Z)> ba(K)p(PE (¥))IV)

i=1 .
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

'_>/ H z, I/KHZ—sI—Ie m) _m‘v d?ilzr
C1<i7éj<r e

i=1 m>1

z,,p <m>1eXP <IM)> >KIV>

2<HP )) bap PO
= L(PH-P £(2)) ba(k)p(PE()Iv)
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Singular vectors [Mimachi, Yamada], [Tsuchiya, SW]

Combining what we have learned, we can compute the image of |u) in
F(v)

'_>/ H z, I/KHZ—sI—Ie m) —'"‘V d?ilzr
C1<i7éj<r e

i=1 m>1

z,,p <m>1eXP <IM)> >KIV>

; <I_12npx > by (x)p(PE (¥))Iv)
L

P

co

<P[sr] (z > by (K)p(PE()Iv)

onst- p(P[s,]( NIV).
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Conclusion and outlook

@ Fock space singular vectors have simple expressions in terms of
Jack polynomials with rectangular partitions.

@ These methods were used to drastically shorten and simplify old
proofs of the classification of the simple modules of the minimal
model conformal field theories. [Ridout, SW]

@ This method was a crucial tool in the classification of the simple
modules of certain logarithmic extensions of the minimal models.
[Tsuchiya, SW]

@ Essentially the same method also works for free field realisations
of s((2). [Ridout, SW; coming soon]

@ The same methods should also work for higher rank affine Lie
algebras and Lie superalgebras.
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The End
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Thank you for your attention!
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