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The universal Virasoro chiral algebra V(c), ¢ € C
@ Virasoro algebra: [L,,, L, = (m — n)Lyin + 5m(m* — 1)8puino
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The universal Virasoro chiral algebra V(c), c € C
@ Virasoro algebra: [L,,, L, = (m — n)Lyin + 5m(m* — 1)8puino
@ Vacuum rep: V(c) = U(@,>, CL_,)|0); Ln[0) = 0, m > —1
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The universal Virasoro chiral algebra V(c), c € C
@ Virasoro algebra: [L,,, L, = (m — n)Lyin + 5m(m* — 1)8puino
@ Vacuum rep: V(c) = U(EP,>, CL_,)[0); L,|0) =0, m > —1
@ Operator state corresponde_nce:

L—n1—2 to L—n,-—2|0>
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The universal Virasoro chiral algebra V(c), c € C

@ Virasoro algebra: [L,,, L, = (m — n)Lyin + 5m(m* — 1)8puino

@ Vacuum rep: V(c) = U(D,>, CL-)|0); Lu|0) =0, m > —1
@ Operator state correspondence:

Ln—2|0) ¢ 5T (2), n 2 0
Loz Loal0) 0 (BT@) - (&7()) -

@ Irreducible if V(c) contains no singular vectors x:
Lyx=0,n>1; Loy =Nx,N > 1.
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The universal Virasoro chiral algebra V(c), c € C
@ Virasoro algebra: [L,,, L, = (m — n)Lyin + 5m(m* — 1)8puino
@ Vacuum rep: V(c) = U(P,~, CL_,)|0); L,|0) =0, m > —1
@ Operator state corresponde—nce:

L_y5|0) <> %T(z), n>0
Loy L_y_2]0) < (%T(Z)) . (%T(z)) :

@ Irreducible if V(c) contains no singular vectors x:
Lyx=0,n>1; Loy =Nx,N > 1.

Virasoro Verma modules are representations of the chiral algebra.

Def: Virasoro Verma module M (h), h € C
@ Generated by |h): Lo|h) = h|h), Ly|h) = 0,n > 1
© M(h) = U(D,> CL-y)|h)
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Minimal models

Let (p+.p-) = 1,p4.p— > 2.

The minimal model chiral algebra
@ The universal Virasoro chiral algebra V(c) is reducible at the

_1_ge—p-)
central charges ¢, ,_ =1— 6= ——-.
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Minimal models

Let (p+,p-) = 1,p4+,p— > 2.

The minimal model chiral algebra
@ The universal Virasoro chiral algebra V(c) is reducible at the
— P
central charges ¢,, ,_ =1 — 6%.
@ V(cp, p_) contains an ideal /(p,p—) generated by a Virasoro
singular vector at conformal weight (p+ — 1)(p— — 1).
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Minimal models

Let (p+,p-) = 1,p4+,p— > 2.

The minimal model chiral algebra
@ The universal Virasoro chiral algebra V(c) is reducible at the
— P
central charges ¢,, ,_ =1 — 6%.
@ V(cp, p_) contains an ideal I(p4,p—) generated by a Virasoro
singular vector at conformal weight (p+ — 1)(p— — 1).

@ The minimal model chiral algebra is the irreducible quotient
Mp, p_ = V(cpp_)/1(p+,pP-).
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Minimal models

Let (p+,p-) = 1,p4+,p— > 2.

The minimal model chiral algebra

@ The universal Virasoro chiral algebra V(c) is reducible at the

_1_ge—p-)
central charges ¢, ,_ =1— 6= ——-.

@ V(cp, p_) contains an ideal I(p4,p—) generated by a Virasoro
singular vector at conformal weight (p+ — 1)(p— — 1).
@ The minimal model chiral algebra is the irreducible quotient

My, p_ = V(Cm,pf )/ 1(ps,p-).

Minimal model representation theory

The representations of M, ,_ are those of V(c,, ,_) on which fields
corresponding to states in I(p4,p_) act trivially.
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Example: Yang-Lee model

@ central charge ¢, 5 = =3 Virasoro chiral algebra
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Example: Yang-Lee model

@ central charge ¢ 5 = ‘TZZ Virasoro chiral algebra
@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1

X = (L2 = 3L-4)|0)
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Example: Yang-Lee model

@ central charge ¢ 5 = ‘TZZ Virasoro chiral algebra
@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1

X = (L%, — 1L 4)|0)
xolh) = Lo(Lo + £)|h)
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Example: Yang-Lee model

@ central charge ¢ 5 = ‘T” Virasoro chiral algebra
@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1

X = (L%, — 1L 4)|0)
xolh) = Lo(Lo + £)|h)

@ Conformal weight of allowed highest weight states can only be 0
or <L
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Example: Yang-Lee model

@ central charge ¢ 5 = %22 Virasoro chiral algebra
@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1

X = (L%, — 1L 4)|0)
xolh) = Lo(Lo + £)|h)

@ Conformal weight of allowed highest weight states can only be 0
or <L
Singular vectors are very hard to find in general. No general closed
formulae are known.
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Example: Yang-Lee model

@ central charge ¢ 5 = %22 Virasoro chiral algebra
@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1
X = (L2, = 3L-4)[0)
Xolh) = Lo(Lo + £)|h)

@ Conformal weight of allowed highest weight states can only be 0
or <L
Singular vectors are very hard to find in general. No general closed

formulae are known.
Goal for the rest of the talk: Find a better way to get these constraints

for the example of the minimal models.
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© Free field theories and screening operators
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The free boson

Def: Heisenberg algebra
h = ®n€Z Cana [am7 an] = m5m+n,0
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The free boson

Def: Heisenberg algebra

h = ®n€Z (Ca”’ [am’ an] = m5m+n’0

Def: Heisenberg chiral algebra
@ H =Cla_j,a_2,...]|0),a,|0) =0,n >0
o T =1(a® +apa_)|0), c=1-3a}
@ a1[0) > a(z) =, a,z ", T(z) = 3 :a(z)? : +%0a(z)
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The free boson

Def: Heisenberg algebra

h = ®YLGZ (Ca”’ [am’ an] = m5m+n’0

Def: Heisenberg chiral algebra
@ H =Cla_j,a_2,...]|0),a,|0) =0,n >0
o T =1(a® +apa_)|0), c=1-3a}
@ a1[0) > a(z) =, a,z ", T(z) = 3 :a(z)? : +%0a(z)

e For (pi,p_)=1,pr,p_>2,letag=as +a_,

- = 2+ thence=1— 6(1’+ L= ) is the central
P+’ pP—

charge of the minimal models.

a4 =
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The free boson

Def: Heisenberg algebra

h = @YLGZ (Ca”’ [am, an] = m5m+n’0

Def: Heisenberg chiral algebra
@ H =Cla_j,a_2,...]|0),a,|0) =0,n >0
o T =1(a® +apa_)|0), c=1-3a}
@ a1[0) > a(z) =, a,z ", T(z) = 3 :a(z)? : +%0a(z)

@ For (p+,p—) = Lpy,p— >2,letay = a4 +a_,

ay = If’; a_ = if’—j, thenc=1-— 6(1’+ - ) is the central

charge of the minimal models.

@ The minimal models can be realised as either a quotient of the
Virasoro chiral algebra or a subquotient of the Heisenberg chiral
algebra.
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The free boson
The simple #H-modules are given by Fock spaces.

Def: Fock spaces Fy, A € C
@ F)= C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1

® Lo|A) = 3(af — aoao)|A) = ha|A)
hy = %)\()\ — )
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The free boson

The simple #H-modules are given by Fock spaces
Def: Fock spaces Fy, A € C
@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1

® Lo|A) = 3(ad — apao)|A) = hy|A)
h)\ = %)\()\ — CY())

Def: Vertex operators |\) <> Vi(z)
@ new operator a: [ay, a] = 0,0

(Simon Wood, ANU) Free field theory to symmetric polynomials String-Math 2014

9/22



The free boson

The simple #H-modules are given by Fock spaces

Def: Fock spaces Fy, A € C

@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1
® LolA) = 5(ag — aoao)|X) = ha|X)
h)\ = %)\()\ . CY())

Def: Vertex operators |\) <> Vi(z)
@ new operator a: [ay, a] = 0,0
® Milu) = A+ p)
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The free boson

The simple #H-modules are given by Fock spaces.
Def: Fock spaces Fy, A € C

@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1
® LolA) = 5(ag — aoao)|X) = ha|X)
h)\ = %)\()\ . CY())

Def: Vertex operators |\) <> Vi(z)
@ new operator a: [ay, a] = 0,0
® Milu) = A+ p)

~ G—m _ am =
° VA(Z) = e/\az)\ao Hmz >\ = Hm>1 < A m? '

(Simon Wood, ANU) Free field theory to symmetric polynomials String-Math 2014

9/22



The free boson

The simple #H-modules are given by Fock spaces.
Def: Fock spaces Fy, A € C

@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1
® LolA) = 5(ag — aoao)|X) = ha|X)
h)\ = %)\()\ . CY())

Def: Vertex operators |\) <> Vi(z)
@ new operator a: [ay, a] = 0,0
® Milu) = A+ p)
® Va(d) = M0 L0, & 5 ¥ Ly ¢ Vi<

T(w)Va(z) = (wh,—Az)zVA( 2) + 7 0Va(z) + reg

(Simon Wood, ANU) Free field theory to symmetric polynomials String-Math 2014

9/22



The free boson

The simple #H-modules are given by Fock spaces.

Def: Fock spaces Fy, A € C
@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1

® Lo|A) = 3(ad — apao)|A) = hy|A)
h)\ = %)\()\ — CY())

Def: Vertex operators |\) <> Vi(z)
@ new operator a: [ay, a] = 0,0
® ) = A+ p)
@ Vi(z) = eMr® [Li>1e /\_Z Hm>1e_/\[:;’n a
T(W)Va2) = 257 Va(2) + 750Va(2) + reg

® Vi(z) : Fy = Faiullz, 7]
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Def: Screening operator [Dotsenko, Fateev]

@ If iy, =1 (in this example A = a.1) then the field S(z) = V\(2) is
called a screening operator.
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Def: Screening operator [Dotsenko, Fateev]
@ If by, =1 (in this example A\ = ) then the field S(z) = V\(z) is
called a screening operator.
@ T(w)S(z) = ﬁS(z) + W%Z(?ZS(z) +reg =0 5@ reg

Tw—z
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Def: Screening operator [Dotsenko, Fateev]

@ If 1y = 1 (in this example A = a) then the field S(z) = V\(z) is

called a screening operator.
® T(W)S(2) = GarS(a) + 70:S(2) + reg = 0.3 + reg

(w—z)?2 Tw—z
@ Zero mode Sy = Res.—¢ [S(z)] is a Virasoro homomorphism:
[T(w),So] = Res,—y, [T(w)S(z)] =0
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Def: Screening operator [Dotsenko, Fateev]

@ If hy, =1 (in this example A\ = ) then the field S(z) = V\(z) is

called a screening operator.

o T(w)S(z) = ﬁS(z) + W%Z(?ZS(z) +reg = 8ZW(Z)Z + reg

@ Zero mode Sy = Res.—¢ [S(z)] is a Virasoro homomorphism:
[T(w),So] = Res,—y, [T(w)S(z)] =0

@ Themap Sy : F,, — F,4 is only well defined if \j, € Z.
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Def: Screening operator [Dotsenko, Fateev]
@ If hy, =1 (in this example A\ = ) then the field S(z) = V\(z) is
called a screening operator.
o T(w)S(z) = ﬁS(z) + W%Z(?ZS(z) +reg = 8ZW(Z)Z + reg
@ Zero mode Sy = Res.—¢ [S(z)] is a Virasoro homomorphism:
[T(w), So] = Resz— [T(w)S(2)] =0

@ The map Sy : F, — F,4 is only well defined if A € Z.
@ If Ay € Z and So|p) # 0 then Sp|p) is a singular vector in F, 4y
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Composing screening operators
If Ax is not an integer, one must consider higher powers of the

screening operator. Recall A = oy, ay = ,/2;’—+*, a = —y /2=
A = a, case:

Si(z)--Si(zr) = a a
~ Z=m _ Ym —m
ero+a Hi;«éj(zi — Zj)ai/z H;:1 Z?“F“O m>1 et m P Hle e tm 2505
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Composing screening operators

If A is not an integer, one must consider higher powers of the
screening operator. Recall A = ay, ay = \/%, a_ = —\/%.
A = a4 case:
Si(ar) - S4(z) =
ad—m am —m
prota H,;é](zt —z)” 2 /2 Hz .z 104+a0 . et Tm i Hle et m ik

Thm: [Tsuchiya, Kanie], [Varchenko]

If and only if 4 = Loy + ﬁ, k € Z then there exists a unique choice
of a cycle I such that

r] = fp S+ Zl S+(Zr)d11 ceedzy Fl r ko F1+r k
) 2 YT o 2 ++o¢+
is a non-trivial Virasoro homomorphism.

o if k> 0then 81| 15fay + £) =0
o if k < 0then Si)|55ray + £ 0.
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The singular vector in the Heisenberg chiral algebra

The singular vector that generates the ideal by which one must

quotient the Heisenberg chiral algebra to get the minimal model chiral
algebra is just

S = py)ay) e H
or

s —pyal) e H.
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The singular vector in the Heisenberg chiral algebra

The singular vector that generates the ideal by which one must
quotient the Heisenberg chiral algebra to get the minimal model chiral
algebra is just

ST = py)ay) e
or
s = pyal) e .

The constraints on the minimal model conformal weights are obtained
by evaluating the action of the zero mode (Sf+’1]|(1 — p4)as))o Or

(P11 = po)a))o.
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Appearance of symmetric polynomials

i [ :
Action of §%* on F%aﬁoﬁ'

r

r o3
r ~ 1—r _+
S[i—] — era+aA | |(Zi _Zj)o&/Z | |Z1( ) 2 ] IZi‘(—H
i=1

i i=1
H ., d=m S H —ay S g dy
X e + m 1% e + m %0 dzpdir
21 2r
m>1 m>1
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Appearance of symmetric polynomials

Action of Sﬁﬂ onFy, k-

o
2
af
5 2 (1—r)=5E Kl
S[r] era+a/ | |(Zi —z )a+/2 | | l 2 Zl+
r i;éj =1 i=1
% ea+ p S | I e ——— iz dzy ey
l l 212y
m>1 m>1

This integral defines a well known inner product on the ring of
symmetric polynomials Cl[zy, ...,z

2

+
a /2 2 (I=r)=7 . 1 ~1 dzydz,
r /llz—z )t/ ||z 2 fe g s 2 e

212r
i#
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Appearance of symmetric polynomials

Action of SL’_} onF,_, P
7 o+tar

S[r] roura/H — 7 oz+/2H (1—r)

;;Aj =
% H eOé+ m Z Z H e Our m Z Z dZ1“'er
21 2r

m>1 m>1

This integral defines a well known inner product on the ring of

symmetric polynomials Cl[zy, ...,z
1
a+/2 2 (1-r) 2y ~1 dzy--dz
/HZ_Z a+/ HZ ""Zr )g(Zl,...,Zr)ﬁ
i#

This inner product is symmetric and it vanishes if deg(f) # deg(g).
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0 Symmetric polynomials
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:

> A, =Clzy, -+ 2]
> AZ@,«A’.
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:
» A= (C[Zla T 7Zr]6r
> A = @r Ar
@ The power sums pi(z) = >, z¥ generate the ring of symmetric
polynomials.
> Ar = (C[le .. ,pr]
> A:C[PMPZ,"']
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:

> Ar = (C[Zl, e 7Zr]Gr
> A = yﬂlr Ar
@ The power sums pi(z) = >, z¥ generate the ring of symmetric
polynomials.
> Ar = C[P17~ .. ,pr]
» A= C[PlaPZ,"']
@ There is a well known basis that is orthogonal with respect to the
a1/2

inner product (f, g), "'~ called Jack symmetric polynomials.
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Jack symmetric polynomials

. . . o?
@ Jack symmetric polynomials have 1 free parameter: -~
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Jack symmetric polynomials

. . . o?
@ Jack symmetric polynomials have 1 free parameter: -~

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.
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Jack symmetric polynomials

. . . o?
@ Jack symmetric polynomials have 1 free parameter: -~

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.
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Jack symmetric polynomials

2
@ Jack symmetric polynomials have 1 free parameter: —*

@ For a fixed value of the parameter the individual polynomials are

parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.

OLZ . .
@ The inner product of a Jack polynomial J, (z; -) with itself
o? ot ok /2
<J (Zv ;)aJV(Z;TJr»"_‘-

is a rational function in 5= and explicit formulae are known.
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Jack symmetric polynomials

2
@ Jack symmetric polynomials have 1 free parameter: —*

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.

OLZ . .
@ The inner product of a Jack polynomial J, (z; -) with itself
o? ot ok /2
<J (Zv ;)aJV(Z;TJr»"_‘—

is a rational function in 5= and explicit formulae are known.

2 pu(0)pm(2) ol o2 o2
@ J[,>e? m =2, bu(F )y 5 )z 55)
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° Application to the minimal models
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Explicit singular vector formulae [Mimachi, Yamada]
Let

p: (C[plng, o ] - C[aflaaf% o ]
pe(y) = ﬁafk-
Then

SP I = p)ay)
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Explicit singular vector formulae [Mimachi, Yamada]
Let

p: C[plap%' ] — C[a,l,a,z,---]

pe(y) = &afk-

Then
—1
SP I = p)ay)
p+—1 oA py—1
2 1 2-p+)=- 1—p_ dom, dzy-dzp,
= [T@=o 2 [T 477 Lo [T w05
i i=1 i=1 m>1
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Explicit singular vector formulae [Mimachi, Yamada]
Let

p: C[phpz,' ] — C[a—laa—27'”]

p(y) = ﬁa—k-

P! (2—p+ —2+ A dzydz, ,
e G TR TERR | CR =
i = i=1 m>1
P+ 1
(I Hea+ @) o)
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Explicit singular vector formulae [Mimachi, Yamada]
Let

p: C[phpz,' ] — C[a—laa—27'”]

p(y) = ﬁa—k-

2
p+—1 al p+—
[l T T [ o e
Gy —1
Ui = i=1 m>1
1
P +Pm 2/2
0| ERRNS ) K e I
i=1 m>1
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Explicit singular vector formulae [Mimachi, Yamada]
Let

p: C[phpz,' ] — C[a—laa—27'”]

p(y) = ﬁa—k-

p+—1 ol pr—
)ad/2 @=r+)>- =11 (2) oy L Dy
/H _Z +/ H H H Oé+ E ’0> Z1"'11ur+—1
i#i = =1 m>1
P+ 1
+pm a? /2
= (TL 2oL )
i=1 m>1
pi—l a2 /2 2
~ ST & TN b, (%) (0 S)[0)
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Explicit singular vector formulae [Mimachi, Yamada]

SPE (= py)ay)

a?

P+— 1 o +_
H —2) oc+/2 H (2—P+ -5 H 1— H ayl L (2) 0) d21~--dz,;+_1
% A Zpy —1
Uiz i=1 m>1
1
P+ +pm m ai/z
(T 2oL ™ o)
i=1 m>1
p+—1

= ST 2 e S b (S )0 s %50))10)
v i—=1

This proof: [Tsuchiya, SW]
Hp+ IZP__I = J(p__l)l’+—1(z§ %)

SE N = pr)as) = U _ype1 03 FI0)
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Getting the conformal weights from the zero mode
The zero mode whose action we need to evaluate is the zero mode of
the field
SE+_1]V(1—P+)C¥+ (w)
= /S-l-(Zl +w) St (zpy—1 + W)V pyyay (Wdzy - dzp, 1
I

The easiest way to evaluate such a zero mode is to evaluate matrix
elements

TSP IV e, )T,

where 7 € C and (r|la_, =0,n > 1.

(Simon Wood, ANU) Free field theory to symmetric polynomials String-Math 2014 19/22



Getting the conformal weights from the zero mode

TSP IV e, W) = -

, P+l . o2 2
Uyt [T a2 ),
i=1
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Getting the conformal weights from the zero mode

TSP IV e (W) =

2 Pl ) ot /2
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Applicability of these free field methods

@ Today’s result: Symmetric polynomials can be used to “quite
easily” classify the irreducible minimal model representations.

@ Essentially the same method also works for free field realisations
of affine sl,. [Ridout, SW; coming soon]

@ This method was a crucial tool in the classification of the simple
modules of certain logarithmic extensions of the minimal models.
[Tsuchiya, SW]
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The End

Thank you for your attention!

(Simon Wood, ANU)
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