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Vertex operator basics

Def: VOA, data

A VOA (v,|0),T,7) is a collection of data:
@ Ny-graded vector space V = P, V[n]
@ vacuum vector |0) € V[0]
@ energy momentum vector T € V[2]

o fieldmapY: VeV — V((z2),a,b— Y(a;z)b,
Y(a;2) =3, a2 "M a € Vihg]
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Vertex operator basics

Def: VOA, axioms
The VOA data satisfies the axioms:
@ Fora € Vih,], ay : Vim] — V[m — n]
® Y(|0);2) =1, ¥(T;2) = X, Luz "2
[Lin, Ly] = (m — n)Lytn + f—zm(m2 — 1)émtn0
@ V|[n] is eigenspace of Ly with eigenvalue n.
L_, is the translation operator [L_;,Y(a;z)] = Y(L_1a;z) = 0.Y(a;2)
@ Locality: 9N € N s.t.
(z = w)M¥(a;2), Y(b;w)] = 0in End(V)[[z,2~", w,w™ ]
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Vertex operator basics

Def: VOA, axioms
The VOA data satisfies the axioms:
@ Fora € Vih,], ay : Vim] — V[m — n]
® Y(10);2) = 1, Y(T;2) = 3, Luz™">
[Lin, Ly] = (m — n)Lytn + f—zm(m2 — 1)émtn0
@ V|[n] is eigenspace of Ly with eigenvalue n.
L_, is the translation operator [L_;,Y(a;z)] = Y(L_1a;z) = 0.Y(a;2)
@ Locality: 9N € N s.t.
(z = w)M¥(a;2), Y(b;w)] = 0in End(V)[[z,2~", w,w™ ]

Axioms imply operator product expansion

Y(a;2)¥(b;w) = Y(Y(a;z— w)bsw) = Y ¥(an;w)(z —w) ™"
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Example: Virasoro VOA

@ central charge c € C

® V= U@, CL,)|0)

@ vacuum |0), L_|0) =0, T = L_,]|0)
® Y(L_y|0);2) = LY(T;2),n >0

® Y(L_p—2-+L_p_2|0);2) =: (%Y(T; z)) (8—',1"Y(T; z)) :

n;!
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Def: (graded) VOA module

@ C-graded vector space M = @, M[h], M[h] generalised Lo
eigenspace, eigenvalue h.

o YM:v®M — M((z)) with “obvious” generalisations of VOA
axioms.

Examples
@ Vis a V-module.
@ A proper subspace [ that is a V-module is an ideal of V.
@ If|0),T ¢ I'then V/I is a VOA.

(Simon Wood, ANU) Symmetric polynomials in free field VOAs 03 June 2014

6/24



Zhu’s algebra and the classification of VOA modules
Def: Zhu’s algebra

@ Let O(V) be the span of Res(Y(a;z)b(”Z)h“ ), a € V[hy],beV.

ZZ
@ Zhu's algebra A(V) = V/O(V) is a unital associative algebra with
product induced by a x b = Res(Y(a; z)b%).

Thm: Zhu
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Zhu’s algebra and the classification of VOA modules
Def: Zhu’s algebra
@ Let O(V) be the span of Res(Y(a;z)b('+Z)h“ ), a € Vihg],b e V.

Z2
@ Zhu’s algebra A(V) = V/O(V) is a unital associative algebra with

product induced by a x b = Res(Y(a; z)b%).

Thm: Zhu
@ unit [|0)] =1, T in centre.

@ Let M be a V-module with a least conformal weight hy. M = M|h),
then [a] € A(V) acts on M as ay and [a * b] as apby.
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Zhu’s algebra and the classification of VOA modules

Def: Zhu’s algebra
(14z)a

@ Let O(V) be the span of Res(Y(a;2)b"—3—), a € V[h],b € V.
@ Zhu’s algebra A(V) = V/O(V) is a unital associative algebra with
product induced by a * b = Res(Y(q; z)b%).

Thm: Zhu

@ unit [|0)] =1, T in centre.

@ Let M be a V-module with a least conformal weight hy. M = M[hy],
then [a] € A(V) acts on M as ap and [a * b] as apby.

@ There exists a 1 <+ 1 correspondence between A(V)-modules and
(maximal) V-modules generated by a space of least conformal
weight.
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Zhu’s algebra and the classification of VOA modules

Def: Zhu’s algebra
@ Let O(V) be the span of Res(Y(a;z)bm), a€ Vih),beV.

72

@ Zhu's algebra A(V) = V/O(V) is a unital associative algebra with
product induced by a x b = Res(Y(a; z)b%).

Thm: Zhu

@ unit [|0)] =1, T in centre.

@ Let M be a V-module with a least conformal weight hy. M = M[hy],
then [a] € A(V) acts on M as ap and [a * b] as apby.

@ There exists a 1 <+ 1 correspondence between A(V)-modules and
(maximal) V-modules generated by a space of least conformal
weight.

@ IfIisanideal s.t. |0),7 ¢ I, then A(I) =1/(O(V)NI) is an ideal in
A(V)and A(V/I) = A(V)/A(I).
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Example: Yang-Lee model

@ central charge ¢ = —Tzz Virasoro VOA
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Example: Yang-Lee model

e central charge ¢ = =2 Virasoro VOA

@ maximal proper ideal generated by a singular vector x
Lyx=0n>1

X = (L2, —3L-4)|0)
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Example: Yang-Lee model

e central charge ¢ = =2 Virasoro VOA

@ maximal proper ideal generated by a singular vector x
Lyx=0n>1

X = (L2, — 3L_4)|0)
xo = Lo(Lo + %)

@ Least conformal weight can only be 0 or =L
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Example: Yang-Lee model

e central charge ¢ = =2 Virasoro VOA

@ maximal proper ideal generated by a singular vector x
L,x=0n>1

X = (L5 — 3L 4)|0)
Xo = Lo(Lo + 1)

@ Least conformal weight can only be 0 or =L

Singular vectors are very hard to find in general. No general closed
formulae are known.
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Example: Yang-Lee model

e central charge ¢ = =2 Virasoro VOA

@ maximal proper ideal generated by a singular vector x
L,x=0n>1

X = (L2 = $L-4)[0)
X0 = L()(LO + %)

@ Least conformal weight can only be 0 or =L

Singular vectors are very hard to find in general. No general closed

formulae are known.
Goal for the rest of the talk: Find a better way to get these constraints

for the example of the minimal models.
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© Free field theories and screening operators
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The free boson

Def: Heisenberg algebra

h= ®nEZ Cay, [am» an] == m5m+n,0
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The free boson

Def: Heisenberg algebra

b= @"GZ Can, [am, an] = mom-yn0

Def: Heisenberg VOA
@ H=Cla_1,a_3,...]|0),a,|0) =0,n >0
o T =1(d* + apa_)|0), c=1-3a}
® Y(a_1|0);2) = a(z) = X2, anz """, ¥(T32) = 5 : a(2)* : +50a(2)
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The free boson

Def: Heisenberg algebra

b= @nez Cay, [am’ an] = m5m+n,0

Def: Heisenberg VOA

° ’H-C[a 1,d-2,...][0),a,|0) =0,n >0

o T =1(d* + apa_)|0), c=1-3a}

® Y(a_1|0);2) = a(z) = X2, anz """, ¥(T32) = 5 : a(2)* : +50a(2)
For (p4,p—) =L, py,p— >2,letay =y +a_,
oap =+/2= a_=—/2t thene=1— 6(1’+ L= -)* is the central

P+’ ) p-"’
charge of the minimal models.
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The free boson

Def: Heisenberg algebra

b= @nez Cay, [am’ an] = m5m+n,0

Def: Heisenberg VOA
o H —C[a 1,d-2,...][0),a,|0) =0,n >0
o T =1(d* + apa_)|0), c=1-3a}
® Y(a_1]0);2) = alz) = Xy anz ™", ¥(T;2) = § : a2)” : +%0al2)

For (py,p—)=1,ps,p— >2,letap = a4 + a_,

ap =/2=, a_=—/Z thenc=1— 6(1’+ ”) is the central
+ P+ P

charge of the minimal models.
The minimal models can be realised as a subquotient of either the

Virasoro VOA or the Heisenberg VOA.
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The free boson

The simple #-modules are given by Fock modules.
Def: Fock modules Fy, A € C
@ F\=Cla_1,a_2,...]|A\), ao]\) = A|A), ax|A) =0,n > 1

® Lo|A) = 3(a} — apao)|A) = ha|A)
hy = %)\(/\ —ap)
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The free boson

The simple #-modules are given by Fock modules
Def: Fock modules Fy, A € C
@ F)= (C[a 1,A—2,...||A), aolA) = AN), an|A) =0,n > 1

@ Lo|\) = $(ad — apao)|A) = hy|A)
h)\ = )\(/\ — OZO)

Def: Generalised vertex operator
@ new operator a: [ay, a] = 0,0
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The free boson

The simple #-modules are given by Fock modules
Def: Fock modules Fy, A € C
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® Lol) = 3(a5 — aoap)|A) = h|\)
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The free boson

The simple #-modules are given by Fock modules.
Def: Fock modules Fy, A € C

@ F)= (C[a 1,A—2,...||A), aolA) = AN), an|A) =0,n > 1
® Lol) = 3(a5 — aoap)|A) = h|\)
hy = )\(/\—Oéo)

Def: Generalised vertex operator
@ new operator a: [ay, a] = 0,0
® M|u) = A+ p)

. d—m _\%m —
® Y(|\);z) = e Hmzle/\ m [L>ie M
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The free boson

The simple #-modules are given by Fock modules.

Def: Fock modules Fy, A € C
@ F)= (C[a 1,A—2,...||A), aolA) = AN), an|A) =0,n > 1

@ Lo|\) = $(ad — apao)|A) = hy|A)
h)\ = )\(/\ — OZO)

Def: Generalised vertex operator
@ new operator a: [ay, a] = 0,0
® M|u) = A+ p)
SV )\a__m m _)\a_m —m
@ Y(|\);z) =ez “OHm pem S [ e m”

® T(W)Y(|A);2) = 25 Y(1A);:2) + 550Y (|A);2) + reg
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The free boson

The simple #-modules are given by Fock modules.
Def: Fock modules Fy, A € C

@ F) :(C[a 1,A—2,...||A), aolA) = AN), an|A) =0,n > 1

@ Lo|\) = $(ad — apao)|A) = hy|A)
h)\ = )\(/\ — Olo)

Def: Generalised vertex operator
@ new operator a: [ay, a] = 0,0
® M|u) = A+ p)
0 Y(|\);2) = i Hm Tl P
® T(W)Y(|N);2) = G5 Y(IN);2) + 50¥ (1A);2) + reg
® Y(IA);2) : Fu = Fagullz, 2= N2
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Def: Screening operator

@ If hy = 1 (in this example A = a4) then the field S(z) = Y(|\);z) is
called a screening operator.
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Def: Screening operator
@ If hy = 1 (in this example A = a4) then the field S(z) = Y(|\);z) is
called a screening operator.

o T(W)S(Z) = %S(Z) aF WL_ZaS(Z) +reg = 8z% +reg

(w—2) w
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Def: Screening operator

@ If hy = 1 (in this example A = a4) then the field S(z) = Y(|\);z) is

called a screening operator.
@ T(w)S(z) = WS(Z) + WL_ZaS(z) +reg = 8Z% + reg

Zz
@ Zero mode S is a Virasoro homomorphism:
[T(w),So] = Res.— [T(w)S(z)] = 0
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Def: Screening operator
@ If hy = 1 (in this example A = a4) then the field S(z) = Y(|\);z) is
called a screening operator.

@ T(w)S(z) = WS(Z) + WL_ZaS(z) +reg = 8Zf}(__z)z + reg
@ Zero mode S is a Virasoro homomorphism:

[T(w), So] = Resz— [T(w)S(z)] =0

@ The map Sy : F,, — F,4 is only well defined if \j, € Z.
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Def: Screening operator
@ If hy =1 (in this example A = o) then the field S(z) = Y(|]\);z) is
called a screening operator.
@ T(w)S(z) = WS(z) = W%ZﬁS(z) +reg = azfv(—_i + reg
@ Zero mode S is a Virasoro homomorphism:
[T(w), So] = Resz= [T(w)S(2)] = 0

@ The map Sy : F,, — F,4 is only well defined if \j, € Z.
@ If Au € Z and So|u) # 0 then So|u) is a singular vector in F,,;
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Composing screening operators

If Ax is not an integer, we must consider higher powers of the

screening operator. Recall A = oy, ay = ,/2;’—+*, a = —y /2=
A = a, case:

Si(z)--Si(zr) = a a
~ Z=m _ Ym —m
ero+a Hi;«éj(zi — Zj)ai/z H;:1 Z?“F“O m>1 et m P Hle e tm 2505
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Composing screening operators

If A is not an integer, we must consider higher powers of the
screening operator. Recall A = ay, ay = 2{5’—;, a_ = —\/%.
A = a4 case:
Si(ar) - S4(z) =
ad—m am —m
prota H,;é](zt —z)” 2 /2 Hz .z 104+a0 . et Tm i Hle et m ik

Thm: Tsuchiya & Kanie, Varchenko

If and only if 4 = Loy + ﬁ, k € Z then there exists a unique choice
of a cycle I such that

r] = fp S+ Zl S+(Zr)d11 ceedzy Fl r ko F1+r k
) 2 YT o 2 ++o¢+
is a non-trivial Virasoro homomorphism.

o if k> 0then 81| 15fay + £) =0

o if k < 0then Si)|55ray + £ 0.
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The singular vector in the Heisenberg VOA

The singular vector that generates the ideal by which one must
quotient the Heisenberg VOA to get the minimal model VOA is just

ST (1 - py)ay) € H
or

s~ pyal) e H.
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The singular vector in the Heisenberg VOA

The singular vector that generates the ideal by which one must
quotient the Heisenberg VOA to get the minimal model VOA is just

ST - pi)as) e H

or

s = pyal) e .

The constraints on the minimal model conformal weights are obtained
by evaluating the action of the zero mode (SE+_1]|(1 — p4)a))o OF

(8?91 = pyas))o.
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Appearance of symmetric polynomials

Action of SL:] onFy, k-

7 “Tag
2
o
¥ - 2 (1—=r)—=-
S[] ero+a / H(Zi —z )oz+/2 H l 2 Zi{—H
Uiz i=1 i=1
a_ a _
X H ea+7m A H o0 m ik " dz)dzy
[T
m>1 m>1
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Appearance of symmetric polynomials

Action of Sﬁﬂ onFy, k-

o
2
af
5 2 (1—r)=5E Kl
S[r] era+a/ | |(Zi —z )a+/2 | | l 2 Zl+
r i;éj =1 i=1
% ea+ p S | I e ——— iz dzy ey
l l 212y
m>1 m>1

This integral defines a well known inner product on the ring of
symmetric polynomials Cl[zy, ...,z

2

+
a /2 2 (I=r)=7 . 1 ~1 dzydz,
r /llz—z )t/ ||z 2 fe g s 2 e

212r
i#
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Appearance of symmetric polynomials

Action of SL’_} onF,_, P
7 o+tar

S[r] roura/H — 7 oz+/2H (1—r)

;;Aj =
% H eOé+ m Z Z H e Our m Z Z dZ1“'er
21 2r

m>1 m>1

This integral defines a well known inner product on the ring of

symmetric polynomials Cl[zy, ...,z
1
a+/2 2 (1-r) 2y ~1 dzy--dz
/HZ_Z a+/ HZ ""Zr )g(Zl,...,Zr)ﬁ
i#

This inner product is symmetric and it vanishes if deg(f) # deg(g).

03 June 2014 15/24
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0 Symmetric polynomials
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:

> A, =Clzy, -+ 2]
> AZ@,«A’.
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:
» A= (C[Zla T 7Zr]6r
> A = @r Ar
@ The power sums pi(z) = >, z¥ generate the ring of symmetric
polynomials.
> Ar = (C[le .. ,pr]
> A:C[PMPZ,"']
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Symmetric polynomials

@ One can consider symmetric polynomials in either a finite or
infinite number of variables:

> Ar = (C[Zl, e 7Zr]Gr
> A = yﬂlr Ar
@ The power sums pi(z) = >, z¥ generate the ring of symmetric
polynomials.
> Ar = C[P17~ .. ,pr]
» A= C[PlaPZ,"']
@ There is a well known basis that is orthogonal with respect to the
a1/2

inner product (f, g), "'~ called Jack symmetric polynomials.
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Jack symmetric polynomials

. . a2
@ Jack symmetric polynomials have 1 free parameter —-.
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Jack symmetric polynomials

. . a2
@ Jack symmetric polynomials have 1 free parameter —-.

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.
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Jack symmetric polynomials

. . Oé2
@ Jack symmetric polynomials have 1 free parameter —-.

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.
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Jack symmetric polynomials

. . Oé2
@ Jack symmetric polynomials have 1 free parameter —-.

@ For a fixed value of the parameter the individual polynomials are

parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.

[

2
@ The inner product of a Jack polynomial P, (z; —&) with itself

2 2 2 2
(Py(z %55), Pz S50)) 0t

2
is a rational function in %t and explicit formulae are known.
2
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Jack symmetric polynomials

. . Oé2
@ Jack symmetric polynomials have 1 free parameter —-.

@ For a fixed value of the parameter the individual polynomials are
parametrised by partitions of integers. The degree of the
polynomial is equal to the degree of the partition.

@ If the length of the partition is greater than the number of
variables, then the polynomial is 0.

a2 . .
@ The inner product of a Jack polynomial P, (z; —=) with itself

o? at (\a? /2
(Pu(z:55), Pu(z =)
. . . . a2 .
is a rational function in -~ and explicit formulae are known.

ﬂpm(y)Pm(Z) 2 2 2
° HmZ] ez m =2 bv(aTJr)Pu(y; QT"L)PV(Z; a%)
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° Application to the minimal models
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Explicit singular vector formulae (Mimachi & Yamada)
Let

p:Clpi,pa,---] = Clay,a2,-]
pr(y) = oma -

Then

ST = p)ay)
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Explicit singular vector formulae (Mimachi & Yamada)
Let

p: (C[PI;PZ,' ] — C[a—laa—Za'”]

p(y) = ﬁa—k-

+—1 +
2 2-p+)—>- 1—p_ dom dzy-dzp,
:/H(Zi_zj)och/Z H Z; 2 H Z; P e+ m Pm(Z)’O) Py
r .

A Zpy —1
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Explicit singular vector formulae (Mimachi & Yamada)
Let

p: C[phpz,' ] — C[a—laa—27'”]

p(y) = ﬁa—k-

P! (2—p+ —2+ A dzydz, ,
/H _Z a+/2 H ’ H H 0‘+ " Pm(Z)’()) Zl"'zpitl
i#j = i=1 m>1
P+ 1
(I Hea+ @) o)
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Explicit singular vector formulae (Mimachi & Yamada)
Let

p: C[phpz,' ] — C[a—laa—27'”]

p(y) = ﬁa—k-

2
p+—1 al p+—
)2 (2—P+ 2 o (@) dz--dzp -1
Z 20 Zpy —1
+
175J = i=1 m>1
P+ 1
-—1 a+ Pm(z a+/2
H g He " 17+ 110)
m>1
p+—1
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Explicit singular vector formulae (Mimachi & Yamada)

SUY (1= py)ay)

p+—1 of pi—1
Z/H(Zl _Z)ai/z H Z€2—P+)T+ H Z1—p_ o —pm(z)| >dz1 dzm_ 1
1 1 Z Z
T i i=1 i=1 m>1 Pt
p+—1
_—1 = (N2
=(J] & " I e ™ ™), 00)
i=1 m>1
p+—1 L 2 ai/Z 22 o
= (I & Pz 50, Db (F)p(Pu (v 59))10)
v o=l
1 p——1 _ g
p+ Zp (p 71)P+—1(Z§0%)

SEIN = pa)as) = p(Py__ypi1 (3 FI0)
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Getting the conformal weights from the zero mode
The zero mode whose action we need to evaluate is the zero mode of
the field
Py (1= po)as)iw)
= / Sz +w) - S(zp -1 +w)Y([(1 = py)ag);w)dzy - dzp, -1 -
I

The easiest way to evaluate such a zero mode is to evaluate matrix
elements

(7187 v (11 = p)ag); W)l

where 7 € Cand (r]a_, = 0,n > 1.
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Getting the conformal weights from the zero mode

(ISP Y (1 = py)ag)iw)lr) = ..

a%r Pt Zi\O4T 0‘1/2
= <P(p__1)l’+*1(z5 =) H (T+35) >P+—1

i=1
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Getting the conformal weights from the zero mode

(TSP Y (11 = p)ag);w)lr) =
p+—1

o] o\ 0% /2
= (P, _yyp-1(375); H (1+3)** >ZI—1
i=1

There are known formulae for expanding

p+—1

[0+ = Yawlosnpls

i=1
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Getting the conformal weights from the zero mode

(TSP Y (11 = p)ag);w)lr) =
p+—1

o NagTy 0 /2
= (P, (m ), [T 0+ 2,00
i=1

There are known formulae for expanding

p+—1

[0+ = Yawlosnpls

i=1

TSPy (11 = py)as); w)r) o<H

(P+S—P r) - (P+ —P—)
4p4p—

hrs =hp,—rp_ —s =
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Applicability of these free field methods

@ We saw today that symmetric polynomials can be used to “quite
easily” classify the simple modules of the minimal models.

@ Essentially the same method also works for free field realisations
of affine sl,.

@ This method was a crucial tool in the classification of the simple
modules of certain logarithmic extensions of the minimal models.
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The End

Thank you for your attention!

(Simon Wood, ANU)

Symmetric polynomials in free field VOAs
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