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Def: The universal Virasoro vertex operator algebra V(c), ¢ € C

@ Virasoro algebra: [L,,, L,] = (m — n)Lyqp + 5m(m* — 1)6puino
@ Vacuum rep: V(c) = U(@,5, CL_4)|0); Ln|0) = 0, m > —1
@ Operator state correspondence:

L_,»|0) < %T(z), n>0

Loz Lonal0) o (7)) - (£7()) :

@ Irreducible if V(c¢) contains no singular vectors y:
L,x=0,n>1; Lox =Nx,N > 1.

Representations of this vertex operator algebra include Virasoro
Verma modules.

Def: Virasoro Verma module M(h), h € C
@ Generated by wy,: Low;, = hwy, Lyw, = 0,n > 1
@ M(h) = U(D,> CL-n)wn
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Minimal models

Let (p+,p-) = 1,p+,p— > 2.
Def: The minimal model vertex operator algebra

@ V(c) reducible at central charge ¢,, ,_ =1 — 6(”;+_+)2.

@ V(cp, »_) contains unique ideal I(p.., p_) generated by a Virasoro
singular vector of conformal weight (p+ — 1)(p— — 1).

@ The minimal model vertex operator algebra is the irreducible
quotient M, ,_ = V(cy, p_)/I(p+,p-)-

Cor: Minimal model representation theory
Representations of M, ,_ are those of V(c,, ,_) annihilated by

I(er,p,).
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Example: Yang-Lee minimal model, p,. =2,p_ =5

@ central charge ¢; 5 = =2

@ ideal generated by a singular vector x. Lox = 4x, L,x =0,n > 1
X = (L2 = 3L-4)0)
x(z) =:T(z)*: - —82 anz n—4

nez

Xowh = ]{Z3X(Z)thz = Lo(Lo + 3wy = h(h + Hwy,

@ Conformal weight of allowed highest weight states can only be 0
or <L
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@ Singular vectors very hard to find in general.
» No general closed formulae known.

@ Goal of this talk: Find better way to get highest weights of minimal
models by symmetric polynomial magic.

@ Later (=David): Why this is not magic and generally applicable.
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The free boson

Def: Heisenberg algebra

h= @nez Can, [am, an] = m5m+n,0

Def: Heisenberg vertex operator algebra (a.k.a. free boson)
@ H=Cla_y,a_2,...]|0),a,]0) =0,n>0
o T=1(d’ +aa)|0),c=1-3a*acC
® a1[0) ¢ a(z) =3, a,z ", T(z) = 1 a(z)? : +50a(z)

@ For (p+,p—) = L,py,p— >2,leta; = ,/%, a_ = —,/if—:’ and

a=a;+a_,thenc=1- 6(”;;7;’:)2 is central charge of minimal
models.

@ Minimal models realisable as quotient of Virasoro vertex operator
algebra or as subquotient of Heisenberg vertex operator algebra.
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The free boson
Fock spaces are irreducible H (and b) representations.
Def: Fock spaces Fy, A € C

@ F)= (C[a 1,A—2,...||A), aol\) = AA), an|A) =0,n > 1

@ Lo|\) = (a5 — aao)|X) = hx|X)
hy = -(>\ —a)

Def: Vertex operators |\) <+ Vi(z)
@ new operator a: [a,,a] = 0,0
@ M) = |\ + p)
® Vy(z) = MM Hm 13 " ZmHm>1e_)\L:"1n o
@ T(w)Vi(z) = o Z)ZV,\( 7) + WL_ZBVA( ) + reg
@ Vi(2) : F) — Faiu((2)2™
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Def: Screening operator [Dotsenko, Fateev]

@ If hy, =1 (here A = ay), then S1.(z) = V,. (2) is called a screening
field.
T(w)S+(2) = 5imSa (@) + 750:5+(2) + reg = 0,522 + reg

@ Zero mode S+ = jio S+ (z)dz, called a screening operator is a
Virasoro homomorphism: [T'(w),S+] = § T(w)S+(z)dz = 0

@ Caution: S : F, — Fuqq, only well defined if o e € Z.
@ Ifarp € Z and S |p) # 0 then Sy |w) is a singular vector in F o,
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Composing screening fields

If o p not integer, consider higher powers of the screening operator.
ay case: Si(z1)- - Si(z) =

roc+aH Zi— a+/2 Hza+aoHexp<a+ — Zzl ) H exp<—a+ ZZ
i#j m>1 m>1

Thm: [Tsuchiya, Kanie] [Varchenko]

If and only if = 2 Loy + TO‘— a5, 17 € Ly, s € Z, then there exists
a unique choice of a cycle I', such that

= JpS+(z1) - S4(z)dz1 -+ dzr : Fa,; = Fa_,,
is a non-trivial Virasoro homomorphism.

@ if s > 1, then S[ﬂ|am) =0.
e if s <0, then s%|a,.) # 0.

(Simon Wood, ANU) Free field theory to symmetric polynomials ANZMC8/ANZAMP 2014 10/19



Composing screening fields: evaluation on F,,,

Sy(z1)--- Sy \Fa“ cdzy =

aiL/Z

Gr(z2/03)=Tliy (1_%)

! —r)o? .
[T -2 Hzfl ot /2 } multivalued

i i=1
T T e <a+ W >exp <—a+m2 m) -

=1 m>1 " Fy

N r,s

Jack power

poly sum

Multivalued function G,(z;2/a? ) is well known integration kernel.
Defines inner product with respect to which Jack symmetric
polynomials are orthogonal.
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Symmetric polynomials

@ Ring of symmetric polynomials can be considered in either finite
or infinite number of variables:

> Ar = C[zh - ,Zr]Gr
> A=lm A,
@ Set variables to 0 to project down to smaller rings:
7Tr/7r : Ar/ — Ar
flziy o oyz0) = f(z1y -+, 20,0,...,0),

where v > r.
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Symmetric polynomials: examples
Rings A,, A admit many bases and generators:

@ The power sums (seen in expansion of screening fields)
Pm = »_; 2" generate ring of symmetric polynomials:

Ar:C[pla-"7pr]7
A:C[p17p27"']'

@ The elementary symmetric polynomials

em — Z Zi] PR Zi,n

1< <<y
are also generators:

A, =Cley,..., e,
A= (C[el,ez,---].
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Symmetric polynomials: examples

The monomial symmetric polynomials form basis of A, and A:
Aa 1 Aa 2
m/\:ZZl ()ZZ ()...7
ag

where o runs over all distinct permutations of A = [Aj, Aa,...].
Examples:

@ mpj(z1,22) = zi2 + 2123

® mp (21,22, 33) = 422 + 2133 + Zjz3 + 2123 + 3323 + 23
@ my(z1,..-,2) =232 -2

@ if {(\) > r,thenmy =0in A,
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Jack symmetric polynomials
Jack symmetric polynomials P} are characterised by two properties:

@ Upper triangular in symmetric monomials with respect to the
dominance ordering of partitions:

PR() = D uiamu(2), win =1,

n<A

where p < Xif |u| = |\ and

i#i < iAh Vn > 1.
i=1 i=1

@ Jack polynomials mutually orthogonal with respect to the inner
product

dzy - - dz,
Zl..-Zr :

(f.g) = /F e m)f &z glen - 2)
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Jack symmetric polynomials

Important properties of Jack polynomials:
@ “Norm square” (P}, P%)r given by known combinatorial formulae.
@ Jack polynomials satisfy many powerful identities.
Simple examples of Jack polynomials:
@ Elementary symmetric polynomials are Jack polynomials
e = My = Pﬁk],vm.
@ In A,

Pﬁr}(Zla--er)—m[s’] 217"')Zr HZH VK.
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Explicit singular vector formulae

Thm: [Mimachi, Yamada], [Tsuchiya, SW]
Explicit formulae for all singular vectors of Fock spaces:

o2
SB:]‘ar,—s> = const - p <P[2s/r] +) la—r—s),r > 1,5 >0,

where p(pn) = a—m2/a4.
Equivalent formulae exist for S_.

Proof: Use the inner product of Jack polynomials to evaluate action of
screening operators.

Singular vector of Heisenberg vertex operator algebra

—1
X) = S[Jlrbr ]|0‘p+—171—p—>~
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Finding minimal model conformal weights

@ Action of the singular field x(z) trivial on minimal model reps.
» Find the zeros in 7 of the matrix element
(rIx(2)I7),

where 7 € C, |7) generating vector of F, and (7|a_, =0,n > 1
dual vector of |7).

@ Matrix element evaluable by known identities of Jack polynomials

(r|x(z)|7) = const H (hy — hyy),
(r,s)eKac

where i, = 7 (7 — o) conformal weight of |7) and

(pys—p-r)*—(py —p-)

2
4pp— '

hr,s =
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Summary and outlook

@ Today’s result: Symmetric polynomials can be used to “quite
easily” classify the irreducible minimal model representations.

@ Essentially the same method also works for free field realisations
of affine sl, [Ridout, SW] and should work in many more cases.
@ This method was a crucial tool in the classification of the

irreducible representations of certain logarithmic extensions of the
minimal models [Tsuchiya, SW].

Punch line

Free field theories have deep connections to symmetric polynomials
and symmetric polynomials have rich well known combinatorics =
Free field realisations are even more useful than previously assumed!
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Summary and outlook

@ Today’s result: Symmetric polynomials can be used to “quite
easily” classify the irreducible minimal model representations.

@ Essentially the same method also works for free field realisations
of affine sl, [Ridout, SW] and should work in many more cases.
@ This method was a crucial tool in the classification of the

irreducible representations of certain logarithmic extensions of the
minimal models [Tsuchiya, SW].

Punch line

Free field theories have deep connections to symmetric polynomials
and symmetric polynomials have rich well known combinatorics =
Free field realisations are even more useful than previously assumed!

Thank you for coming!

(Simon Wood, ANU) Free field theory to symmetric polynomials ANZMC8/ANZAMP 2014 19/19



	Representation theory from singular vectors
	Free field theories and screening operators
	Symmetric polynomials
	Application to the minimal models

