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Review of VOA definitions

Vertex operator algebras (VOAs) are mathematically rigorous
formulations of the chiral algebra of conformal field theories.
Def: A vertex operator algebra is a graded vector space

V=@pVvin.

n>0

@ dim V[n] < oo, dim V[0] = 1.
@ Vacuum vector |0) € V[0] and conformal vector T € V[2].
@ For A € V]hy],

Y(Az)=> Az "M,
nez
Y(T;2)=> Lz "2,
nez
Gv

[Lm, Lp] = (M — n)Lmin + Smynom(m? — 1)12
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Review of VOA definitions

VOAs satisfy the axioms:
@ Y(|0);z) =id.
@ V[n] = {A € V|LhA= nA}.
@ Operator state correspondence: Y(A; z)|0) = A+ zV[[z]].
@ ForAe V,0;Y (A z) = Y(L_ 1A 2).
@ Locality: For A, B € V there exists an N > 0 such that
(z—w)N[Y(A; 2), Y(B; w)] = 0.
@ Operator product expansion: For A € V[ha],Be€ V

YA 2)Y(Biw)=Y(Y(A z—w)B,w)

=" Y(ABi w)(z — w) A
neZ
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Review of VOA definitions

Def: A V-module M is a C graded vector space

M = S m(h]
heC
that carries a representation Yy( ; z) such that:

@ The M[h] are generalised L, eigenspaces with generalised
eigenvalue h.

@ For fixed im(h), dim M[h] = 0 for re(h) < O
@ ForAiBeVandCe M

Yu(|0); z) =idy
Yu(A; z)C € M((2))
Yu(A; 2)Yu(B;w)C = Yu(Y (A, z—w)B,w)C
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Overview of My,

This talk is about the extended W-algebra of type sly at positive
rational level. We denote this VOA by My, ,_.

@ The VOA My, p_ is given by the kernels of 2 screening operators
S;,S_onalattice VOA Vp, p_.

@ The central charge of M, ,_ is the central charge of the minimal
models

(p+ —p-)?
P+P-

@ As a module over itself My, , is reducible

Co,p- =1-6

0= XY — Mp,p. — L(0,Cp,p) =0

@ As a Virasoro module M, , decomposes into an oo direct sum
of Virasoro modules. All but one of these modules are simple.
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Overview of My,

@ The My, p  are the VOAs of certain logarithmic CFTs, that is,
there exist My, ,_-modules on which the action of Lg is
non-diagonalisable.

@ My 3 is believed to be an extension of the dilute polymer and
critical percolation statistical systems.
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Overview of My, 5

The decomposition of My, p_ in terms of Virasoro highest weight
vectors (also known as singular vectors) is

0)
Wo.0
Wi+ Wi Wi

Wo o Wo o Wap Wa,s Wa

) ) ) ) &
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Overview of My,

The screening operator formalism allows us to define Virasoro

intertwiners, called screening operators, with which we can construct
all Virasoro singular vectors in Mp, 5_.

0)
S_[f+_1]|aa‘>
1 2py—1 3p—1
s+ May) SE Yoty S
1 20, —1 3p+—1 4p;—1 5p+—1
SPMag) 82 Mag) 8P Mjag) s Mag) s e
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Overview of My,

The screening operator formalism allows us to define Virasoro

intertwiners, called screening operators, with which we can construct
all Virasoro singular vectors in Mp, 5_.

0)
S Mag)
%~ Mag) 8P Mar) 8P jap)
S[_Sp‘_ﬂ|ag) S[_A'p‘_ﬂlozﬂ S[_Sp_—1]|a2—> S[_Zp_—1]|a£> S[_p_—1]|oz2’)
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Overview of My, 5

Using the screening operator formalism we can define so-called
Frobenius homomorphisms E, F € End(Mp, ,_), that satisfy

@ [E,L))=0=[F,Ly,neZ
@ ForAe Mer’p_

[E,Y(A; 2)] = Y(EA 2)
[F, Y(A 2)] = Y(FA; 2)
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Overview of My,
The action of the Frobenius homomorphisms £, F on M, ,_ is given
by

0)
Wo.0
Wi 1 Wio__ Wiy
Wo o " Wo 1~ Wap W5 W >

Wi _3 ~ Ws_ 5 "W 1 Wy Ws 1 W32 W33
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Overview of My,
The Frobenius operators allow us to prove the following:
Thm The VOA My, ,_ is generated by T(z), Y(W; _1; 2), Y(W; 1; 2)

0)
Wo.0

W1,—\ Wi \ W1,1\

Wo _oe— Wo _«— Who g Who 1<— Wh
Ws_3 W3 5 W3 3 W30 Ws 1 W32 W33

) ) )
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Overview of My,
The Frobenius operators allow us to prove the following:
Thm The VOA My, ,_ is generated by T(z), Y(W; _1; 2), Y(W; +; 2)

0)
Wo.0

Wa 2—\—: 2<:W20—*W21—*W22
W30 Ws 1 W32 W33

) )
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Overview of My,

Knowledge of the generators of M, ,_, the Frobenius operators and
the screening operator formalism allows us to prove:

@ Relations in Zhu’s algebra Ay(Mp, p_).
@ My, p_ satisfies Zhu's ¢, cofiniteness condition.

@ Mp, p_ hasexactly (pr —1)(p— — 1)/2 + 2p4 p— inequivalent
simple modules.
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The construction of My, ,

Plan:
@ Define the free field (a.k.a. Heisenberg VOA) F,,
@ Define an extension V,, ,  of F,, called a lattice VOA.
@ I|dentify screening operators.

@ Define Mp, , as a subVOA of Vp, ,_ in terms of screening
operators.

(Simon Wood, Kavli IPMU) The extended W-algebra Mp, p_ 2 October 2013

14/50



The construction of My, ,

Def Heisenberg VOA F,,,a9 € C
@ Generated by free boson field b(z) = Y~ ,,c;, bpz "'

[bm, bn] = Mém —n - 1

® b(z)b(w) = s +

w)?2

@ Energy momentum tensor
T(z) = % L b(2)? : +%8b(z)
c=1- 304%
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The construction of M,

Simple F,,-modules are given by Fock modules Fy, A € C.
Def The Fock module F), A € C is generated by a state |\) such that

@ bp|A) =dnoAA), n>0
o F = (C[b_1,b_2, .. ]|>\>
Rmk 7, = Fy
Prop The category of F,,-modules is semisimple.
@ Simple objects are given by F, A € C
@ The conformal weight of |A\) € F is

’
hy = 5)\()\ — ao)

Lo|A) = hy|X)
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Important parameters
The lattice VOA Vp, p_ is an extension of F,, at special values of ag.

Let pi,p- > 2, (P4, p-) =

a=piap =—p_a- =+/2pp-, ap=aq +a_
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Let Y be the lattice Y = Za = Z+/2p+p-_.

¢(2) =b+bologz - %z‘”, [bn, B] = 601, 86(2) = b(2)
n#0
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Let Y be the lattice Y = Za = Z+/2p4p-.
4(2) = bt bylogz— 3" 227", by, B = 3o, 96(2) = b(2)
n#0
Def The lattice VOA V), ,_ is given by

Vo, =EP Fa =D Fra © Fay

€Y nez

with fields T(z) and b(2) as in Fo,, Y(|\); 2) = V\(2) =: () .

b2 Va(w) = 2 Va(w) +
VA(2)Viu(W) = (2= W)™ < Va(2) V(W) :

T(2)Vy(w) = 22X~ 20), ' ovi(w

(2) /\(W)*W /\(W)er (W) + -
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g — =71 = L
Let Y =Za = Z\/ZPJrT, X =Homy(Y,Z)=Z; = Z\/ﬂ'
Prop
@ The central charge of V,, p_

(py —p-)?

Corp- =100

is the same as for the minimal models.

@ The category of V,, ,_-modules is semisimple. There are 2p p_
simple objects.

V= P FoneX.

Aep+Y

The simple modules of V,,, , are parametrised by the classes of
X/Y.
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Recall that a4 = £1/2p+/p+ € X. Since h,, =1, Vo (W) = Si(w)
satisfies
1 1

(z— W)QSi(W) T w

T(2)S+(w) = OSL(W)+--- .

Prop The S, (z) form screening operators, that is,

Si = ResWZOSi(W)dW : Vp+7p_ — V[ai]
[Lh,S£] =0, neZ

Def The VOA My, p_ is given by

Mp+,p_ = ker(S+ : Ver’p_ — V[a+]) N ker(S_ :Ver’p_ — ‘/[ail)
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Summary and next steps
Summary:
@ The VOA My, p_ is a subVOA of the lattice VOA Vp, p_.

@ We have constructed M, ,_ as the intersection of kernels of
screening operators.
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Summary and next steps
Summary:
@ The VOA My, p_ is a subVOA of the lattice VOA Vp, p_.

@ We have constructed M,, ,_ as the intersection of kernels of

screening operators.
Next steps:

@ In order to understand M, , better, we need the screening
operator formalism.

@ The screening operator formalism involves integrating products of
screening operators over certain cycles. Determining these cycles
at the minimal model central charge
Co.p. =1—6(ps — p-)?/psp- is a very hard problem.

@ By deforming the central charge in a deformation parameter ¢,
one can work at generic central charge.

@ By setting ¢ = 0 one can specialise results obtained at generic
central charge.
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Deforming the conformal structure

Let O = C[[¢]], K = C((¢)). We deform our previous parameters

ay(e) = 2';1 +a$)6+a(2)2+ -e0 aS:);éO
a_(e)=— 2'0&—1—04(1)5—1—04(2)52+---6(9 oz(j);éo
2
r(e) = aig:)
such that
ar(e)a_(e) = -2 ap(e) = ax(e) + a—_(¢)

ky(e)k_(e) =1
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Deforming the conformal structure

Plan:
@ Define the Heisenberg VOA and Fock modules over £ and O.
@ Identify screening operators.
@ Define integrals of products of screening operators over K.
@ Check that these are also well defined over O.

@ Specialise to £ = 0 and obtain screening operators over C at
central charge cp, p_.
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Deforming the conformal structure

Def Heisenberg VOA . F,

ag(e)
@ Generated by free boson field b(z) = 3~ ., bpz ="'

[bm7 bn] — m5m7_n . 1

® b(2)b(w) = g+
@ Energy momentum tensor

b(2)? - + 22 op(z)

T(2) =, :

E .
c=1-3ap(c)?
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Deforming the conformal structure

Simple ;. 7, .,-modules are given by Fock modules . F, , A € K.
Def The Fock module - F, , A € K is generated by a state |\) such that
@ bp|A) = 5n,0)\’)‘>7 n=0
@ As a K vector space - Fy, = K[b_1,b_2,...]|\)
Rmk .7, o) =«xFo
Prop The category of IC]:aO(s) -modules is semisimple.
@ Simple objects are given by . F, , A € K
@ The conformal weight of |\) € - F, is

Py = 530~ ao(c)

Lo|A) = hy|A)
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Deforming the conformal structure

For A € O = CJ[[¢]], we can restrict to Fock modules over O
oFy =0[b_1,b_2,...]|A) CFy.

The Fock module , F, carries the structure of a VOA over O.
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Deforming the conformal structure

As in the undeformed case h,_ (¢) = 1 and the fields
S.(z) =: ()92 .

define screening operators of . F;, and , F,.
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Let , X = ZO‘*T(E) @ Z"‘T(E) be the rank 2 lattice parametrised by
1—r

1_
as(e) + —2a_(e), 1.5 €.

5r,s(€) = 2
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Let , X = Z"*T(a) @ Z"‘*T(E) be the rank 2 lattice parametrised by

1- 1-
Lo (e) + ?Sa_(a‘), rsez.

5r,s(5) =

Prop There exists a construction of cycles [[(k+(¢))], [[s(k—(g))] over
which one can integrate S.(z) such that

s — / Si(z1)- - Su(z)dz1 - dzr  Fy iy = Fo
[ ()]
st = /[r o S_(21)++S_(2s)021 -+ 0Zs :  Fi oy = xcFaruto)

are non-trivial Virasoro homomorphisms.
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The S, case in greater detail

Let
r
Ur(Z; /€+(8)) _ H (zi _ zj)n+(€) HZI'(1_r)N+(€): H (1 - %)n+(€)
1<i#j<r i=1 1<iA<r
Then

Si(z1)- Sp(z)dzy - dz| F, = efa+<€>5ur(z: k1 (2))

(e)

X Hz H g+ () Xy ' b-n H e +(e) iy bn dg grzr

n>1 n>1
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The S, case in greater detail
The cycles [[/(x+(g))] are normalised such that

dzy---
Uz k4 (e))————=1.
/[l'r(m(&))] ' “n2r
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The S, case in greater detail

The cycles [[/(x+(g))] are normalised such that

/ Un(z: m(g))M -1
[r (4 (2))] “n2r

Evaluating

s — / Si(z1)- - Su(2)dz1-dzr  Fy ) = Fo o
[Fr(s+(e))]
requires one to evaluate integrals of the form
(f, g);+(€) =

dzy---dz
[ Uz e 2
[Fr(5+(€))] ’

f,g € ,C/\,:IC[Z1,...,Z,]S’
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Evaluating the action of SK]
Prop The pairing

Z1-2Zr

(. 9. —/ Ur(zi k()27 z7Yg(2t, ., 2r) B2t
[Fr(r+()]

forms a non-degenerate symmetric inner product on
N =Klzy, ...,z
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Evaluating the action of S[ﬂ

Prop The pairing

(0= [ Uz 2 g 2)
[Fr(x+(e))]

forms a non-degenerate symmetric inner product on
N =Klzy, ...,z
Prop There exists a basis P,(z; x(¢)) of A, (and ,A,) parametrised
by partitions of integers of length at most r, such that
(Pa(zi £4-(2)), Pu(Z k4 (€)))i (o) = 0, I A #
(PA(z: 4(2)), PA(Z: £4-(€)) 1, () € O

This basis consists of Jack polynomials.
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Prop

S_[:] :OFﬁr,s(E) _>OFB—r,S(5)7 r Z 1,36 Z

l s>1,reZ

[s] .
S '(’)FBr,s(s) _>(9F5

r—s(€)

Therefore, we can specialise to e = 0. Let

Br,s =

s
5 a_eX=21 rsez
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Prop

S_[[] :OFBr,s(E) _>0Fﬁfr,s(5)7 r Z 1,3 S Z

S[—S]OFﬂrS(E)HOFﬂ SZ1,f€Z

r—s(€)

Therefore, we can specialise to € = 0. Let

S 1
a €X=7Z;, rsci

Br,s =

2
Prop

S'[[] : FIBF,S _> Fﬂ*l’,s’
SR Fs.e— Fp_y s21reZ

r>1,seZ

Previously (= without deformation) these screening operators could
only be defined for 1 <r < p; or 1 < s < p_ respectively.
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Since ;s = Brip, s+p_, the previous proposition gives us an infinite list
of Virasoro highest weight vectors (called singular vectors) in Fs, .. Let

Br,sin = 5r—np+,s = Br,s-f—np,: 1<r<py,1<s<p_.neZ

ThmlLet1 <r<p;,1 <s<p_,neZ,then all singular vectors of
Fs, .., are given by

Sggk+n+1)p+_r]|Bp+fr,s;f172k—n> X SKK_H)IL_S]|ﬂrvp—*5?2k+”+1>’
forn>0, k>0,

SLEK—H o1} |6P+—r,s;—1 —2k+n> X Sgk_n—H o=l |5F7P——5?2k_’7+1 >’

forn<0, k> 0.
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These formulae for singular vectors reproduce the singular vector
decomposition of My, ,_ from before:

0)
1
ng+ ]|a8->
1 2ps 1 3p,s 1
SLI_H ]|aT> SLP+ ]|aT> S-[i-p+ ]|aT>

s Mag) s Mag) P Uag) s Viag) s Viag)
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These formulae for singular vectors reproduce the singular vector
decomposition of My, ,_ from before:

0)
SP-"Mag)
Sy Sy gP-"ar)

S[_Sp__ﬂ’az_) S[_4p_—1]|a2—> S[_3P——1]|a2—> S[_ZP__1]|042_> S[_p——1]|a2_>
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Construction of simple M), , -modules

We parametrise the 2p, p_ simple V,, ,_-modules as

VI‘TS = @ F/Br,s;Zn’ VI‘TS = @ F/Br,s;2n+17 1 S r S p+7 1 S S S pf .

nez nez

The screening operators SE:], Sl define maps

SK]:V,%S—> Vi s 1<r<pi,1<s<p_

st vk — Vi, s 1<r<p1<s<p_
PropForAe Mp, p , 1 <r<py,1<s<p_
(ST v(A; )] =0=[S", (A 2)].

Thus the kernels and images of S[+r], SH are Mp, p_-modules.
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Let1 <r<p;y,1<s<p_

Kt = ker(SY 2 Vi — VE o) nker(SP: Vi = VE, )

(Simon Wood, Kavli IPMU)
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Let1 <r<p;y,1<s<p_
Kt = ker(SY 2 Vi — VE o) nker(SP: Vi = VE, )

p+—r,s

Prop The following %(p+ —1)(p- — 1) + 2p4p— inequivalent
Mp, p_-modules are simple.

ijfs = im(SEf+_r] : V,;«er,s - Vrjfs) N im(S[—pi_S] Vi - Vrj,ts)

r,p——s
Xt =im(SP L VE L S V)
Xio=im(SP T vE V)

X;i,pf = Vﬁ;_:,pf

Lirsj=Lip,—rp —s] = ’C;fs/ XrJ,rs
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Let1 <r<p;y,1<s<p_

Kt = ker(SY 2 Vi — VE o) nker(SP: Vi = VE, )

p+—r,s

Prop The following %(er —1)(p- — 1) + 2p4p— inequivalent
Mp, p_-modules are simple.

X =im(SP v = VE) nim(SPT vE 5 V)
Xt =im(SP L VE L S V)
Xio=im(SP T vE V)

+ _ y=x
Xp+ P— Vp+ »P—

L[r,s] = L[p+—r,p_—s] — ’C;fs/XrJ,rs

Thm The above J(p; — 1)(p— — 1) + 2pp— modules form all
isomorphism classes of simple M, , -modules.
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Diagrammatically the singular vector decomposition of the X,fs is given
by:

Xr—fs Xrs
. . .
. . . . . . .
. . . . . . . . . .
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The construction of Frobenius operators

The screening operators SE:], S[_s] arrange the lattice modules V7 into

complexes
i gl i
i
= Vg s — Vs — Vs Vg
lp——s] [s] g9

F - + - F - + .
g Vr,p_—s Vr,s Vr,p_—s Vr,s —

S£f+—’] o SE:] — 0= S[fpf_s] o S[f] 7

called Felder complexes.
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The construction of Frobenius operators

@ The Frobenius operators are regularisations of
SL‘_)*’r] o Sﬂf], S~ 5 8! such that they are non-trivial.
@ These regularisations are only well defined on ker SE[], ker SI1.

Thm The Frobenius operators are families of maps
E,F € End(Mp, p_), E, F € End(X75) that satisfy

@ [Ln,E]=0=[Lp,F],neZ
@ ForAec Mp, p_

[E,Y (A 2)
[F,Y(A 2)
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The action of E and F on the simple modules X,jfs is given by:

+ —
X Xrs
—>
[ ® ®
-
—_— > —_— S ——>
L) ® L] ® ®
- - - «——— -—
L J ® ® ® ® L J ® \J ® ®
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Sketch of construction of E

We work over O = C[[e]] and K = C((¢)) again. Let1 <r < p;,s€Z

E- | | sua) Sz
(M55 —r(m(EN] /[Fr(r(e))]

X Sp(Wi) -+~ Sp(Wr)dzy - dZp, AWy - AWy : o Fy () = o F,

rs 6r—2p+,s(5)

where the [[(x+(g))] are the cycles used to define SE:] and the cycle
[M5.—r(k+(¢))] is supported in the domain |z;| > |w;|.

(Simon Wood, Kavli IPMU) The extended W-algebra Mp, p_ 2 October 2013 41/50



Sketch of construction of E

We work over O = C[[e]] and K = C((¢)) again. Let1 <r < p;,s€Z

E- | | sua) Sz
M52 (5 (eN] /M r(k+(e))]

py—r

x Sy(wi) -+ Sp(Wr)dzy - - dzp, rdwy---dwp: Fg () = Fy

r,s r72p+,s(5)

where the [[(x+(g))] are the cycles used to define SE:] and the cycle
(M5, _r(r+(g))] is supported in the domain |z;| > |w|.

Prop When restricted to OFﬂrs(s)’ E defines a map

. —1
E: OF/Br,s(E) — € OFﬁr—2p+,s(5) :
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Sketch of construction of E

Let
oKrs ={veoFs oISTveeFy o}

o K; s specialises to ker SK] when e = 0.
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Sketch of construction of E

Let
oKrs ={veoFs oISTveeFy o}

oK s specialises to ker SK] when ¢ = 0.
Prop On , K, ;, E defines a map

E:oKs = oFs

r—2p+,s(5) :
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Sketch of construction of E

Let
oKrs ={VeoFs 1Sty e e, Fo o)

oK s specialises to ker SK] when ¢ = 0.
Prop On , K, ;, E defines a map

E:oK. s —oFs

r—2p+,s(5) :

Therefore E is well defined over C, when specialising to ¢ = 0. The
remaining properties of E can be shown to hold modulo ¢ by explicit
calculations involving Jack polynomials.
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How everything comes together

@ Zhu’s algebra Ao(V) is an associative C algebra that can be
constructed from a given VOA V.

@ Zhu’s algebra encodes the action of zero modes on highest weight
states.

@ There exists a 1-1 correspondence between finite-dimensional
simple Ao(V)-modules and simple V-modules.

@ We can use our realisation of singular vectors to calculate the
action of the zero modes of the corresponding fields on highest
weight states.

@ Our realisations of singular vectors therefore allow us to calculate
relations in Zhu’s algebra.
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Eigenvalues on highest weight states
We can explicitly realise all W, € Mp, p_ as

Who = S££n+1)p+_1]!ﬂp+—1,1;—2n—1> :
This allows us to compute the eigenvalues of the zero modes W, ¢[0]
on|5) € Fg,B € C.
Prop Forn>0
(n+1)py—1 (n+1)p——1

wn(B) = (BIWnol0]18) o« ] II 3-8y
i=1 j=1

Recall that hs = 33(8 — ap). There exist polynomials g, € C[h], such
that for n > 0

[ wa(B) n even
9n(hs) = { wn(B)2 N odd
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Eigenvalues on highest weight states

Let A, s be the conformal weights of the L, g and A7 the conformal

weights of the 7.

90(hs) = wo(B) o< [ [(hs = 2i)) s [i:]1 = [y — i p- — ]

[i.]]
py—1p_—1

g1(hg) = wi(B)? o< go(hs)* H H (hs — A

p+—1 p——1

L ths = a7 T hs - 257

i=1 j=1
(h/B - A;J:_,p, )
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Eigenvalues on highest weight states

Let A, s be the conformal weights of the L, 5 and A,fs the conformal

weights of the A7.

g2(hg) = wa(B) < [[(hs — A)°
[i:]
py—1p_—1 py—1p_—1

IT II hs—2fp? IT 11 (hs —47)
=1 j=1 =1 j=1

p+—1 p+—1

H (hs — Afpf ) H (hs = Ay )
=1 =1

p——1 p_—1

II (hs -}, H (hs —

=1

(hs — Am,pf)(hﬁ - AF_’+,P—)
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The structure of Zhu’s algebra Ay(Mp, p )

Thm Zhu'’s algebra Ag(Mp, p_) of Mp, p_ is a finite-dimensional C
algebra.

@ The Frobenius operators E, F are derivations of Ao(Mp, p_).
@ Ay(Mp, p_)is generated by [T], [Wy m],m=—1,0,1.
@ [T] satisfies the polynomial relations

9o([T]) = [Wool. 91([T]) = [Ws 0]?
92([T]) = [Wap] =0
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The structure of Zhu’s algebra Ay(Mp, p )

Thm (continued)
@ The [W; ], m= —1,0,1 satisfy the following multiplication

formulae
. (Wi _4] [Wi 0] (Wi 4]
(Wi,—1] 0 —f([TDIW1,—1] | =91 ([T]) = F([TD[WA 0]
[Wi,0] FATDIWA, 4] g:1([T]) —f([THIWA 1]
Wial | —oo([TD) + f([TDWio] | F[TDIW 1] 0

where f is a polynomial of degree less than (2py+ — 1)(2p— —1)/2.
The polynomial f is non-trivial and the conformal weights A} s of
the simple modules X; s are not roots of £.
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Open problems

@ Construct projective covers of all simple modules.

@ Compute fusion tensor product on My, p, -mod.

@ Classify modular invariants.

@ Classify conformal field theories with My, ,  symmetry.
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The End

(Simon Wood, Kavli IPMU)

The extended W-algebra Mp, p

Thank you for your attention!
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